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Abstract. We describe explicitly the whole structures of the (g, -ft')-modules of principal 
series representations of Sp(3,R). We apply this result to determine the holonomic system 
Ch ■ characterizing those Whittaker functions. 



1. Introduction 

In the investigation of a representation vr of a reductive Lie group G, it is a standard 
E"' ' method to pass from the original vr to its associated (g, K)-module. Also in many applications, 

it is important to understand various 'good' realizations of vr in some function spaces. These 
r~| . functions can be sometimes described as solutions of some differential equations, say, the 

I Casimir equations derived from the (g, i(')-module structure of the given representation vr. 

For some 'small' semisimple Lie groups G, the (0,X)-module structures of the standard 
representations are completely described. For example, the description of them for S'L(2,R) 
is found in standard textbooks, and there are rather complete results for some groups of real 
^ . rank 1, e.g. SU{n, 1) in [7] and Spin{l,2n) in ^7}. But, for Lie groups of higher rank there 

! are few references as far as the author knows. It seems to be difficult to describe the whole 

. i(')-module structures even for standard representations of classical groups of higher rank. 

, However, in this paper we consider the case of the real symplectic group Sp{3, R) of rank 3, 

' and solve this problem generalizing the result of the paper [15j for Sp{2, R) of rank 2. 

■ Before describing our situation for S'p(3,R), let us explain the problem in a more precise 

I form. Let G be a real semisimple Lie group and the Lie algebra of G. Fix a maximal compact 

O ■ subgroup K of G. Since any standard (0, ii')-modules are realized as subspaces of L'^{K) as 

iC-modules, we investigate the if-module structure of standard (0, ii')-modules by the Peter- 
Weyl theorem. Because of the Cartan decomposition = t©p, in order to describe the action 
of or gc = OCSrC it suffices to investigate the action of p or pc- Therefore, the investigation 
5^ i of the action of p or pc is essential to give the explicit (g, i^)-module structure of a standard 

representation. To investigate the action of pc, we compute the linear map Tt-^i defined as 
follows. Let (vr,i/7r) be a standard representation of G with the subspace -ff,r,_ft' of iC-finite 
vectors. For a -fC-type (r, Vr) of vr, and a nonzero iiT-homomorphism rj: V\ ^ Hj^^k, we define 
a linear map f/: pc ®c — *■ -f^Tr.i^ hy X v ^-^ X ■ r]{v). Then 77 is a i^-homomorphism with 
pc endowed with the adjoint action Ad of K. Let Vr ®c Pc — ©ie/ ^t-j be the decomposition 
into a direct sum of irreducible iC-modules and ij an injective iT-homomorphism from Vr^ to 
Vr ®c, Pc for each i. We define a linear map Tr,i'- Homii-(F^, ifTr.if) ^om.K{yr^■,H■,^^K) by 
r/ 77 o ij. These linear maps Tr,i {i S /) characterize the action of pc- Our purpose of this 
paper is to give the explicit expressions of Tr^i when vr is a principal series representation of 
G = 5^(3, R). This is described in Theorem 15. 6[ 

As an application of the explicit expressions of r^-^j, we get a system of differential equations 
satisfied by some types of spherical functions. Here we consider only the case of the Whittaker 
functions. In order to introduce this application, let us recall the general setting of the theory 
of the spherical functions. Fix a closed subgroup R of G. Take a character ^ oi R and consider 
its C°°-induction G°°Ind^(.^). For an irreducible admissible representation (vr,-ff7r) of G with 
the subspace H^^^k of i^-finite vectors, we consider the subspace Hom(g^^^)(//7r,_ft'; Ind^(^)) 
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of intertwining operators. Consider the restriction of elements in this space to specific K-type 
as follows. Let {T,Vr) be a multiplicity one K-type of vr and let t: — > H.,^ be a nonzero 
i^-homomorphism. For $ G Hom(g^ C°° Ind^(^)), we can define the function <pn,T* 

contained in the space C^^,{R\G/K) of y^*-valued smooth functions on G satisfying f{rgk) = 
i{r)T*{k)-^f{g) for all {r,g,k) Rx G x K hy H^{v)){g) = {vA.,r') {g e G, v* e K). Here 
r* means the contragradient representation of r and (,) is the canonical pairing of x Vr*. 
When i? is a maximal unipotent subgroup of G and ^ is a unitary character of R, the space 
Hom(g^_^)(i?7r,if,C'°°Indg(0) is called the space of Whittaker functionals and 07r,r* is called 
a Whittaker function. 

In the case of G = 5'p(2,R), the explicit formulas of Whittaker functions for various stan- 
dard representations are given in the papers [3], [5], [12], [13], [H] as well as the generalized 
Whittaker functions in the papers [2], [11]. In these papers, the explicit formulas of spheri- 
cal functions are given as solutions of the system of differential equations which are obtained 
from shift operators and the Casimir element. Since the Casimir element is represented by a 
composite of the shift operators, the utilization of the shift operator is essential. Our operator 
r^^j is compatible with the shift operator and we give the holonomic systems of differential 
equations characterizing Whittaker functions in Theorem I6.12[ Therefore, we can compute 
explicit formula of Whittaker functions of principal series representations of G = Sp{3, R) by 
using the result of this paper. We hope that this interesting possibility will be considered in 
future work. 

We give the contents of this paper. In Section^ we recall the structure of 5*^(3, R) and define 
a principal series representation, that is, a standard representation obtained by a parabolic 
induction with respect to the minimal parabolic subgroup Pmin- In Section [3l we introduce 
the monomial basis of a finite dimensional irreducible representation of — 5^(3, C) and 
investigate adjoint representation of on pc. Here the monomial basis is an alias of Gelfand 
Zelevinsky basis. Which is twisted dual of the crystal basis of Kashiwara or the canonical 
basis of Lusztig. In Section [U we give the explicit expressions of : Vr^ Vr (dc Pc- Section 
[5] is the main body of this paper and we give the matrix representation of r^-^j with respect 
to the induced basis from the monomial basis in Theorem 15.61 In Section [6l we introduce 
some examples of Tr^i and give the holonomic systems of differential equations characterizing 
Whittaker functions in Theorem 16.121 

This is an enhanced version of the Master's thesis [10]. The author would like to express his 
gratitude to Takayuki Oda for valuable advice on this work. He also would like to thank Miki 
Hirano to provide a reference for the computation of Clebsch-Gordan coefficients. 



2. Preliminaries 

2.1. Groups and algebras. We denote by Z,R and C the ring of rational integers, the real 
number field and the complex number field, respectively. Let 1„ (resp. 0„) be the unit (resp. 
the zero) matrix in the space Af„(R) of real matrices of size n. 

The real symplectic group G = Sp{3, R) of degree three is defined by 



G = 5p(3, R) = {gG SL{6, R) | 'gJ-^g = J3}, J3 



O3 I3 
-I3 O3 



which is connected, semisimple, and split over R. Here ^g and g ^ mean the transpose and 
the inverse of g, respectively. Let 9: G 3 g 



*5 ^ G G be a Cartan involution of G. Then 



K = {g€G\e{g)=g} 





' A 






-B 





G G 



A + y/^B G C/(3) 
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is a maximal compact subgroup of G which is isomorphic to the unitary group U (3) of degree 
three. The Lie algebra of G is given by 

= sp(3, R) = {X e M6(R) I hX + *X Js = 0}. 

If we denote the differential of 9 again by 9, then wc have 9{X) = —^X for X ^ q. Let t and 
p be the +1 and the —1 eigenspaces of 6* G g, respectively, that is, 



A,Be M3(R), M = -A, 'B = B 



Then t is the Lie algebra of K which is isomorphic to the unitary algebra 

u(3) = {A + ^/^B G M3(C) \A,Be Ms{R)M = -A^B = B} 

of degree three, and Q has the Cartan decomposition g = t p. We fix an isomorphism 
K : u(3) — t which is given by the inverse of 

^^{-B A ^^A + V^Beui3). 

For a Lie algebra I, we denote by Ic = I ®r C the complexification of [. For 1 < i, j < 3, 
we denote by Eij the matrix unit in M^CR) with entry 1 at (i,j)-th component and at other 
entries. Take a compact Cartan subalgebra f) = 0^=^ RTj where Tj = K{y/^Eii) G t. For 
1 < i < 3, define a linear form f3i on [)c by (3i{Tj) = ^/^5ij^ 1 < j < 3. Here 6ij is the 
Kronecker's delta. Then the set A of the roots for (flCiflc) is given by 

A = A(^c,0c) = {±2A {l<i< 3), {l<j<k< 3)}, 

and the subset A+ = {2/3j {1 < i < 3), /?j ± /3jt (1 < i < A; < 3)} form a positive root system. 
Let 

A+ = {Pj -Pkil<j<k< 3)}, 

A+ = {2A (1 < ^ < 3), Pj+Pk {l<j<k< 3)} 

be the set of compact and non-compact positive roots, respectively. If we denote the root space 
for /3 G A by gp, then tc — sK^, C) and pc have the decompositions 

tc = i)c®^9f3, A, = A+U(-A+), 

Pc = p+ep-, p± = 0±/3- 

/3GA+ 

Now we take a basis of fic aiid p-t consisting of root vectors. If we denote the extension of the 
isomorphism k to their complexifications again by k, then we have n{Eij) G Qpi-Pj for each 
1 < ^ 7^ J < 3 and thus the set {K{Eij) \ 1 < i,j < S} forms a basis of ^c- On the other hand, 
if we define a map 

p±:{XeMs{C)\X = 'X}3X^(^^J^^ ^^^)gP±, 

then the element X±ij = p±{{Eij + Eji)/2) is a root vector in 9±{Pi+f3j) for 1 < i < j < 3 and 
the set {X±ij | 1 < i < j < 3} gives a basis of p±. 

Put a = ^l^^KHi with Hi = diag(l, 0, 0, -1, 0, 0), H2 = diag(0, 1, 0, 0, -1, 0), H3 = 
diag(0, 0, 1, 0, 0, — 1). Then a is a max;imal abelian subalgebra of p. For each 1 < i < 3, we 
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define a linear form Cj on o by ei(Hj) = 6ij for 1 < j < 3. The set E of the restricted roots for 
(a, q) is given by 

S = E(a,fl) = {±26^ (1 < i < 3), ±ej ±ek{l<j <k< 3)}, 

and the subset E+ = {2ei {1 < i < 3), ej ± (1 < j < fc < 3)} forms a positive root system. 
For each a G S, we denote the restricted root space by Qa and choose a restricted root vector 
Ea in 9a as foUows. 

and E^a = d{Ea) for a G S+. If we put n = 0Q,gs+ ^^^'^ 3 Iwasawa decomposition 

= n a 1 Also we have G = NjainAminK, where Amin = exp(a) and Nj^m = exp(n). 

2.2. Definition of principal series representations of G. Let Pmin = ^min^minA^min be 
the minimal parabolic subgroup of G, where 

Mmin = ^K(^min) = {diag(£i , £3, ^3, £i , ^2 , £3) | £i € {±1} (1 < i < 3)} ~ {±1}®^ 

For 1/ G HomR(a, C), we define a coordinate {vi, 1^2, 1^3) € by Ui = v{Hi), 1 < i < 3. 
Then the half sum p = \ {^aeT,+ — ^^1 + + 63 of the positive roots has coordinate 
(pi) P2, P3) = (3, 2, 1). We define a quasicharacter : Amin — by 

e''(diag(ai, 02, 03, a^^ , ai^^ , a^^)) = a^^ 0,2^ a'^^ . 

Moreover, we fix a character a of Mmin- f is realized by (ai, C72, 0-3) G {0, 1}®^ such that 

C7(diag(£i,£2,£3,ei,e2,e3)) = ^V^V^T ^ ^ ^ {=*=!}, 1 < i < 3. 

With these data {a,u), the parabolic induction 

7r(,,,) = Ind^^^^(a ® e^^+f ® l;v^,J 

is a Hilbert representation of G by the right regular action on the Hilbert space H(^^ y^ which 
is the completion of 



^(a.) = U:G^C smooth 



{cr,v) 

with an inner product 



f{manx) = a{m)e'^^^{a)f{x) 
for m G Mmin, a G Am.m, n G AUm, xeG 



(/i, /2) = ^ h{k)h{k)dk for /i, /2 G 



Here dfc is a Haar measure of K. 



3. The monomial basis for simple gl(3, C)-modules and the adjoint 

REPRESENTATION OF Ic — 0^(3, C) ON p± 

In this section, we recall some basic facts about the representations of — sK^; C), and 
evaluate the adjoint representations of on p±. 
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3.1. The highest weight theory for g[(n,C). Wc recall the highest weight theory for 
0l(n, C). A weight of length n is an integral vector 7 = (71,72,- )7n) £ Z". The weight 
7 is called dominant if 71 > 72 > • • • > 7n- It is well-known that every irreducible finite 
dimensional representation (r, V) of Ql{n, C) has a weight space decomposition 

y = F(7), F(7) = G F I ^^ii^; = ^iv, l<i< n}. 

7 

There is a dominant weight A which satisfies A > 7 in the lexicographical order for any weight 7 
such that ^(7) 7^ 0. Such dominant weight is called the highest weight and the representation 
(r, V) is labeled by the highest weight, i.e., {tx, Vx). 

3.2. Gelfand Tsetlin patterns. Recall that a Gelfand-Tsetlin pattern (which simply we call 
G-pattern) of type 1113 = (7^13,77123,77133) is a triangular array 

771-13 "1-23 "733 
777 1 2 77722 
77711 

of integers satisfying the conditions 

(3.1) 77713 > "1-12 > 7n,23 > m22 > 70,33, "^12 > rilu > 77722- 

The weight j'^" = (7i^, 72^, 73^) of a G-pattern M is defined from the equations 

7f = 77711, 7f + 7^ = "^12 + "722 , 7f + 72^ + 73* = ™13 + ™23 + 77733- 

For a G-pattern M, we define 

(713 ^23 ^33 \ / 1^13 + il3 77723 + ^23 "^33 + ^33 
712 722 = "^12 + 712 77722 + 722 

711 / \ 77711 -1- 711 

If the vector (713, 723, 733) is zero, we omit the top row in the left hand side of the above defining 
equality. So the left hand side is written as 





f \ 




M = 1 


m2 






I mi y 





M 



712 722 
711 

A convenient symbol is M[k], which is defined by 

m(*-* 

We note that G-patterns Mi and M2 have the same type and weight if and only if Mi [k] = M2 
for some /c G Z. 

We define some functions of G-patterns. We set 

S{M) = 7^ — 77723 = "^12 + 77722 " 777il — 77723- 

Let x+(M) and x_(M) be the characteristic functions of the sets {M | d{M) > 0} and 
{M I (5(M) < 0}, respectively. More generally we introduce functions x^'(M) by 

y«(M) - I ^' ^^^^^ > ' y«fM) - | ^' ^^^^ < 
X+ [M) - I ^^^^ ^ . , X-{M)-<^ ^^^^ ^ _. . 

Then we have x+iM) = X+{M) and x_(M) = X-\M). 

We introduce 'piecewise-linear' functions Ci(M), Ci(M) and C2(M) by 

Cl(M) = I "^11 - "^22, if SiM) > ^ r 77723 - ^7722, if g^) > « , 

^ \ 777 1 2 - 77723, if '^(M) < ' ^ ' \ 777 1 2 " 777ll, if 5(M) < ' 

and 

C2(M) = Ci(M)Ci(M). 



6 



TADASHI MIYAZAKI 



Another expressions of Ci(M) and Ci{M) are 

Ci{M) = min{mii - 77122, mu - 77123}, Ci{M) = min{r7723 - "1-22, ruu - mn}. 

3.3. The monomial basis in the sense of Gelfand-Zelevinsky. We recall the definition 
of the monomial basis in the sense of Gelfand-Zelevinsky. 

For a weight subspace Vx{'y) and a dominant weight = (i/i, 1/2, • • • , i^n), we set 

Vxi^, u) = {ve Fa (7) I E'^UT+'+\ = 0, 1 < i < 77 - 1}. 

A basis B in V\ is called proper if each of subspaces V\{'y, u) (for all possible 7, z^) is spanned 
by its subset B n Vx{'y,i'). It is known that the representation {tx,V\) of 0[(3,C) has a 
proper basis, which is unique up to scalar multiple. Gelfand and Zelevinsky normalized the 
scalar factor somehow to get the formulas in Proposition 13. li The normalized proper basis is 
called the monomial basis because it is twisted dual of the crystal basis of Kashiwara or the 
canonical basis of Lusztig. For the representation (rms , ) , the monomial basis in (7) is 
parameterized by the G-patterns of type whose weights are 7. We denote the monomial 
basis of by {fiM)}]xj^Q(^^^y Here G(m3) is the set of the G-patterns of type m3. 
The action of tc — sK^, C) is given by following formulas. 

Proposition 3.1. (Gelfand-Zelevinsky) The action of simple root vectors on the monomial 
basis of are given as follows. 

Euf{M) = (77112 - mil)/ (M + (m23 - m22)x+(M)/ (M ( ^ ) [-1]) 

E2if{M) = (mil - m22)/ (M ( )) + (mi2 - m23)x-(M)/ (M ( 'l? ) [-1]) 

E23f{M) = (mi3-mi2)/(M(^oO)) +{mi3-mi2-<5(M)}x-(M)/(M(V) [-1]) 

E32f{M) = (m22 - m33)/ (M (o^^)) + {m22 - m33 + 6{M)}x+{M)f (M [-1]) 

In the right hand side of above formulas, we put f{M') = if M' is a triangular array which 
does not satisfy the condition \3. 1\) of G-patterns. 

In the later section, we need the action of root vectors on the monomial basis of Vm^. So 
we compute the action of Ei^ and E-^i. Since i?i3 = [-E12, -£'23] and E-^i = [£'32, -E21], we obtain 

(3.2) Ei^f{M) =[i?i2, i?23]/(M) = (mi3 - mi2)/ (M ( \« )) - (7i(M)/ (M ( \« ) [-1]) , 

(3.3) i?3i/(M) =[i?32, E2i]f{M) = (m33 - ^22)/ (M ( )) + Ci{M)f (M ( ) [-1]) . 

Here [,] is a Lie bracket, i.e., [X,Y\ =XY -YX for X,y G 0l(3,C). 

The monomial basis has a interesting symmetry property. For each G-pattern M, we define 
the dual pattern M by 

/ -^33 -m23 -"713 \ 
M = -m22 - mi2 

\ -mil ) 

If M is a G-pattern of type m3 and weight 7^^ then M is a G-pattern of type 1113 = 
(-■m.33, -m23, -^13) and weight -7*^ = (-7f , -7", -7f )• 

Proposition 3.2. Let uj be the automorphism of 0[(3, C) defined by uj{Eii) = —En and 
u{Ejk) = Ekj for i,j,k £ {1,2,3} such that \j — k\ = 1. Let T^:^: Vm-^ V^._^ be the lin- 
ear map defined by Tm3(/(M)) = f{M) for M £ G(m3). Then X o = o u;(^X). 

For the existence, uniqueness and properties of the monomial basis, we refer to the paper 

In the later setions, we give the explicit expressions of various X-homomorphisms in terms 
of the monomial basis. However, the monomial basis have the ambiguity of scalar multiple. 
Thus, we have to fix the monomial basis for simple X-modules. 
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Definition 3.3. A simple K -module Vx equipped with the fixed monomial basis {/(Af )}AfGG(A) 
is called a simple K -module with the marking {f{M)}]yj^Q(^x)- 

3.4. The adjoint representations of ic on p±. We denote by e^ the unit vector of degree 
three with its i-th component 1 and the remaining component 0. It is known that both of p± 
become JT-modules via the adjoint action of K. Concerning this, we have the fohowing lemma. 

Lemma 3.4. We have isomorphisms ip^ : p+ V2ei CL^d ip_ : p_ — > ^-263 by the correspon- 
dences between their basis 

(-^^+11, -^+12, -'^+13, -^^+22, -^^+23, -^^+33) 

"(/(T)./(?)./(v)./(T)-/(vO'/(t)). 
" (/ Cr . / ( °v ) . / ( V )'f ) ■ / ( "J ) ) 

Proof. By direct computation, we have the following tables of the adjoint actions of Cartan 
subalgebra and simple root vectors of 6c on the basis {-^±ii}i<j<j<3 of p±. 







^(£^22) 




<Ei2) 


At(^2l) 


k{E23) 


^(^32) 


^^(^13) 


^^(^31) 


-^+11 


2X^u 











2X_|_i2 











2-^+13 




X-i-l2 


X+12 





X+u 


-^^+22 





-^^+13 





-^^+23 


-^^+13 


-^^+13 





-^^+13 





-^^+23 


X+12 











-^+22 





2X+22 





2X+12 








2-^^+23 




-^^+33 


-^+23 





-^^+23 


-^^+23 


-^^+13 





-^^+22 


-^^+33 


X+12 





^+33 








2-^+33 








2-^^+23 





2-^^+13 






TABLE 1. The adjoint actions of tc on the basis {X+ij}i<i<j<3 of p_|_ 





K{En) 


'^(^22) 


'^(^33) 


'^(^12) 


k{E2i) 


k{E23) 


k{Es2) 


'^(^13) 


n{E3l) 












2X_i2 











2X_i3 





—X-12 


X-12 


-^^-12 





-^^-22 


X-n 


-^^-13 





-^^-23 





-^-13 


-^^-13 





-^^-13 


-^^-23 








-^^-12 








— -''^-22 





2X-22 








2X_i2 


2X_23 





-^^-33 


X-n 


— -^^-23 





-^^-23 


-^^-23 





-^^-13 


-^^-33 


-^^-22 





X-12 


— -^^-33 








2-^-33 











2-^^-23 





2X_i3 



TABLE 2. The adjoint actions of tc on the basis {X_jj}i<j<j<3 of p_ 



Comparing the actions in above tables with the actions in Proposition 13.11 we have the asser- 
tion. □ 

Remark 3.5. The above lemma tells thatp^ andp- are simple K -modules with the markings 
{X+jj}i<j<j<3 and {X-ij}i<i<j<2,7 respectively. From now on we always take these markings 
forp±. 

4. ClEBSCH-GORDAN COEFFICIENTS FOR THE REPRESENTATIONS OF ^[(S, C) WITH 

RESPECT TO THE MONOMIAL BASIS 

In the later sections, we need irreducible decompositions of the tensor products V ®c P+ 
and V ®c P- as K-modvAes for a K-type {t,V) of 7r(o-,!/)- Since p+ ~ V2en P- — ^-2e3 
and — 0^(3, C), it suffices to consider the irreducible decomposition of V\ ®c V2ei and 
y\ ®c ^-2e3 as 0l(3, C)-modules for arbitrary dominant weight A. In this section, we take the 
marking {/(M)}jvfeG(A) for a simple K-module V\. 
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4.1. The irreducible decomposition of Vx^c^i • Generically the tensor product VxiXic^ei 
has three irreducible components: V^A+eu Kx+e2 ^A+es- If A + e^ {i = 2, 3) is not dominant, 
the corresponding irreducible component does not occur. 

For 1 < i < 3, let ig. be a non-zero generator of Hom/^(yx+ei) K\ Vei), which is unique 
up to scalar multiple if Vx+e; is non-zero. Our purpose of this subsection is to give explicit 
expressions of these injectors i^^ , i^^ and i^^ in terms of the monomial basis. For this purpose, 
we prepare following equations of the functions of G-patterns. 

Lemma 4.1. (i) We have another expressions of Ci{M), C'i(M) andC2{M), which is suitable 
for computation: 

(4.1) Ci(M) = 77111-77122 + <5(M)x-(M) 

= 77112 - m23 - (5(M)x+(M), 

(4.2) Ci (M) = 77123 - m22 + SiM)x- (M) 

= 77112 - mn - (5(M)x+(M), 

(4.3) C2(M) = (77712 - m23)(mi2 - 77lll) - (77712 - 77722)(5(M)x+ (M) 

= {rnii — 77722) (?r723 " ^22) + (?^^12 " ?^^22)<^(M)X- (M). 

(a) We have relations of the values of the functions S and x± for another G-pattems as 
follows: 

(4.4) 5 (m [-1]) = 5{M) + d, 

(4.5) xViM C H^p) H]) = X%-'\M), 

(4.6) x':}{M{^%r;P')[-l\) = x'-^'\M). 

Here d = 5 {^n2^22^^ ■ 

(Hi) We have shift relations of x±\M) as follows: 

(4.7) (<5(M) - r)xX\M) = {S{M) - r)xt'\M), 

(4.8) ((5(M) + r)x5:' (M) = {d{M) + r)x^"'' (M), 

(4.9) X^'(M)+x^-'^"'(M) = l, 

(4.10) xt'\M)x'-l^\M) = if ri+r2> -2, 

(4.11) xt'\M)xt'\M) = x%'\M) if n > r2, 

(4.12) x^'(M)x^^nM) = X^'(M) i/ n > r2. 

(iv) We have convenient relations of Ci{M)x±\M) and Ci{M)x±\M) as follows: 



(4.13) Cl{M)xX\M) = (77711 - 77722)xi'(M) (r > -1), 

(4.14) Ci{M)x^:\M) = {mi2 - m2z)x^l\M) (r > -1), 

(4.15) Ci(M)x^'(M) = (7^23 - m22)x%\M) (r > -1), 

(4.16) Cl{M)xt\M) = (77712 - 777ll)xL^H^) > "l)" 

Proof. We can easily check these equations by direct computation. □ 



The explicit expressions of the injectors i^^, i^^ and i^^ are given as follows. 
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Proposition 4.2. For 1 < i < 3, the image of the monomial basis by the injector i^. : V\+ei ~^ 
V\ (^c ^1 is given by the form 

1=0 J 

for a G-pattern M of type A+ej. In the right hand side of the above equation, we put f{M') = 
if M' is a triangular array which does not satisfy the condition ( fg. 1\) of G-patterns. 

The explicit expressions of the coefficients are given by following formulas. 
Formula 1: The coefficients of the injector i^^ : Va+gi Vx ®c (^fc given as follows: 
('^[i;ii]>'^[i;Oi],r[i;00]) = (1,2,1) and 

cfi;ii;0] (^) = ("^13 - mi2)(m22 - mss), (M) = -E{M), 

cfi;Oi;0] (^) = -("^13 - mi2){m22 " ^33), cf^.Q^.i] (M) = F{M), 

cfi;0i;2] i^i) = -C2{M)x+{M), cfi.oo;o] (M) = -(mi3 - mi2)(mi3 - m22 + 1), 

Cfl;00;l] (^) = C2{M). 

Here 

E{M) = Ci(M){mi3 - m33 + 1 - Ci(M)}, 

F{M) = -C2{M) - x+(M){(mi3 - mi2)(m22 - ^33) + (mi3 - 77133 + l)'^(M)}. 
Formula 2: The coefficients of the injector i^^ : Vx+e2 ^1 O'f^ given as follows: 

('^[2;ll]>'^[2;01]>'^[2;00]) = (1, 1> 1) "-^id 

cf2;ii;0] (^) = "^22 - m33, cf^.u;i] (^) = -^(M)x-(M), 

cf2;0i;0] (M) = -{m22 - msg), c\^,m,i^ (M) = Ci{M), 

4;00;0] W = -("^23 - m22), cfs.QO;!] (M) = -Ci(M)x-(M). 

i/ere l)(Af) = -m22 + "I33 + 5{M). 

Formula 3: The coefficients of the injector i^^ : Vx+es ^A are given as follows: 

('^[2;ll],r[2;01]>'^[2;00]) = (0,1,0) and 

4;ii;0] (^^) = 1' 4;0i;0] (^) = "1' 4;0i;i] (^) = -X+(M), cfg.oQ.o, (M) = 1. 

Proof. For 1 < i < 3, let ig. be a linear map which is defined by the equations in the statement 
of this proposition. In order to prove that i^. is a ii'-homomorphism, it suffices to check 
the actions of the basis Emm (1 < m < 3) of Cartan subalgebra and simple root vectors 
Enn+i, En+in (n = 1,2) by direct computation. 
Since 

Emm{f{Mi) /(M2)) = {Emmf{Mi)) ® /(M2) + /(Mi) ® {Emmf{M2)) 

= (74'^+7;:^^)/(Mi)0/(M2), 

we easily check Emm ° ^ei(/(-^)) = ° Emrn{f{M)) for 1 < m < 3 and a G-pattern M of 
type A + Cj. 

Therefore the essential computation is those of simple root vectors. We have to confirm that 
Emn ° = *ei ° -^mn for four simple root vectors Emn {\m — n\ = 1) and each i = 1, 2, 3. We 
set cf..^.;^.;] (M) = if I > r[i.jk] or / < 0. 

First, we compute the image of the monomial basis f{M) by i^. o Emn- By using the 
equations in Proposition 13. H we have 

il^ {E,2f{M)) = (mi2 - mn)ii (/ (M ( \° ))) + (^23 - m22)x+(M)i^^ (/ (M ( ^ ) [-1])) 
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{mi2 - mn) ^ Yl ( )) / ( 3 ) ["^0 ^ ^ ( ^ ) 

0<j<A;<l I /=0 ) 

h (m23 - m22)x+(M) ^ cf,^^.,^,j (M ( 7 ) [-1]) / (m ( o^-l ) [-i - 1]) 



0<j<fe<l k 1=0 



/ 100 



'^[i;jfe]+l "I 

0<j<fe<l [ i=0 J 
where 

^2-i;jk;ll m ={mi2 - mn)cf,^^.,^,j (M ( ^ )) 

+ (m23 - m22)x+(M)cJ.^.,.;_i] (Af ( 7 ) [-1]) . 
Similarly, we obtain the following equations: 



il{E2if{M))= J2 ' 
0<j<k<l 



z=o 



where 



+ (mi2 - m23)x-(M)cf. (M ( - ) [-1]) , 



where 



'^[i;jfe]+l 

(^23/(M))= ^ J2 Ak^■Jk■,l]iM)f{M[^\-l)[-l])\0f[\J), 

0<j<k<l ' ' 

+ {mi3 - mi2 - 5(M)}x-(M)cf,.^.,.,_,] (M ( ) [-1]) , 



and 



0<j<k<l 



z=o 



where 



+ {m22 - m33 + 5(M)}x+(M)cf,.^.,.,_i] (M (^-i) [-1]) . 
Next, we compute the image of the the monomial basis f{M) by Ej^^ o i^. as follows: 

^i2 0Ze^(/(M))= Yl E4.mW^i4^(^(°3)i-^0®^(?)} 



0<j<fe<l 1=0 



r[i;jk] 



J2{mi2 - mn - I + j)4,jk;ll (M) f (m ( o"-! ) [-/]) 

i=0 



+ 



(m23 - ^22 + k-l- 62i)x+ ( 0-^'= ) [-^]) 
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X '^^m f (^^ ( 3 ) [-^ - 1]) I®/ ( 



2 



+ { E ^MM] m f [M ( o-Jl ) [-1]) U / ( 

, 1=0 J 



0<j<A:<l i=0 

where 

+ (^23 -m22 + k-l + l- <52i)xr'"''"^(^)cfi;ifc;i»l] (^) 

+ 1 4oi;^]W if U,k) = (1,1), 
\ otherwise. 

Here we use the relation 14.51 in Lemma 14.11 
Similarly, we obtain the following equations: 

{''[.;jfc]+l 1 
«=o J 
where 

^pi;i;,fc;Z] (^) =("^11 " ^22 + /c " / " j)cf,.^.,.,] (M) 

+ (mi2 - m23 - / + 1 + 52.)xL-'+^'+'^'^(M)cf,^^.,^,_y (M) 

4ll;Z]W if (j,fc) = (0,l), 

otherwise, 



100 
fc 



+ 



E ^'23.;.;^;/] (M) f (m ( ) [-/]) U / ( "0° ) , 

where 

^i'23;i;,fe;«] (^) =("^13 " ^12 + / - 5li)cfi;,fe;,] (M) 

+ {mi3 - mi2 - 5(M) + /c - j + / - 1 - 5h - 52i} 



+ 

and 



4oO;Z-l] W if (i>^) = (0,l), 
otherwise. 



E ^[32;.,^;^] C^^) / ( I^lU ) [-/]) U / ( 

where 

^[32;i;ifc;Z] (^) =("^22 " m33 " A; + Z + S^i^. -,.,^ (M) 

+ {m22 - ^33 + S{M) +j -2k + l -l + 62i + 63i} 
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(fc-j-<52,) / A 



+ 



xxV^^-""^(M)cf,^.,^,_y (M) 

cf^o,^;j(M) if (j,fc) = (0,0), 
otherwise. 



Here we use the relations in Lemma 14.11 (ii) . 

In order to complete the proof, we check the equations 

(4.17) A\^n,^,,k,l] = (M) 

by direct computation. 

First, we check the equations (j4.17p for i = 3, that is, the case of formula 3. 
• the proof of £'12 o = o Ei2. 



We have 

lA 



^[12;3;ll;0] (^^) ='^12 - mu, 
4l2;3;ll;l] i^) =(m23 " m22)x+{M), 
^fl2;3;01;0] (^) = " ("^12 " "^ll), 

4l2;3;01;l] (^) = " ("^12 " (M ( ^ )) - (m23 " m22)x+(M), 

42;3;01;2] (^) = " ("^23 " m22)x+(M)x+ (M ( ^ ) [-1]) , 
4l2;3;00;0] (^) ="ll2 



,3;00;1] (^^) =("^23 " m22)x+iM), 



and 



^il2;3;ll;0] i^) ={^12 " "In + !)-!, 



12;3;11;1] (^) =("^23 " "^22 + 1)X+(M) - 



-S[12;3;01;0] (^) = " ("^12 " "^h)' 

^fl2;3;01;l] (^) = " ("^12 " "^11 " ^)X+{M) - (m23 " ^22 + (M), 

^fl2;3;01;2] (^) = " ("^23 " m22)x+ (M) , 

^fl2;3;00;0] (^) =^12 - mn, 

^fl2;3;00;l] (^^) =("^23 " "l22)X+(M). 

By direct computation, we have 

42;3;01;2] (M) - i3[\2;3;01;2] (^) = ("^23 " ^22) {x'1\M)x+{M) - X+(M)x+ (M ( \° ) [-1])) 

= (^23 - m22)(x^^'(M) - X^^M)) = 0, 

4l2;3;01;l] (^) " ^fl2;3;01;l] i^) = -(mi2 - mu)x+ {M ( )) - (m23 " m22)x+(M) 

+ (mi2 - mil - 1)X+ W + (^23 - ^22 + l)x+ (M) 
= {6{M) - l)x+{M) - {6{M) - l)x'l\M) = 0. 

Hence we obtain the equations (j4.17p for {j,k,l) = (0,1,1) and (0,1,2). Here we use the 
relations (|i3|) and (|T71) . 

It is trivial that the equations ()4.17p hold for other (j, k, I). 

• the proof of £'21 ° = ^es ° -^21- 



We have 



[21;3;11;0] (^) ="^11 ""^22, 
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42l;3;ll;l] (^) =("^12 " m23)X-(M), 

^f21;3;01;0] (^) = " ("^H " "^22), 

^f21;3;01;l] i^) = - (mn " m22)x+ {M ( °° )) - (mi2 - m23)X-(M), 
42i;3;0i;2] (^) = - ("^12 " m23)x-(M)x+ (M ( ) [-1]) , 

^f21;3;00;0] (^) ="^11 " "^22, 
42i;3;00;i] (^) =("^12 - m23)X-(M), 

and 



-°[21;3;11;0] 


(M) 


=mii - m22, 




^[21;3;11;1] 


(M) 


=(mi2 - m23)x-(^), 




rjA 

-"[21;3;01;0] 


(M) 


= - ("111 - "^22 + 1) + 1, 




R^ 

-"[21;3;01;1] 


(M) 


= - (mil - m22)x+(M) - (mi2 


- "^23)X- 


R^ 

^[21;3;01;2] 


(M) 


= - ("il2 - "123 - 1)X- '^(^)X-f 


_(M), 


R^ 

-°[21;3;00;0] 


(M) 


=mii - m22, 




rjA 

^[21;3;00;1] 


(M) 


=(mi2 - m23)x-(M). 





We have 

4i;3;0i;i] iM) = -(mil - m22)xV'^(^) " ("^12 " "i23)(l - xV""(^)) 
= -mi2 + m23 + 5{M)x+^\M) 
= -mi2 + m23 + 6{M)x+{M), 

^[2i;3;0i;i] (^) = "("^h " rn22)x+{M) - (mi2 - m23)(l - X+{M)) 
= -mi2 + m23 + 6{M). 

Hence we obtain ^j^i.3.011] (^) = -^i2i-3-oi-i] (^)- Here we use the relations (j4.5p . ()4.7p and 
We have 

4i;3;0i;2] (M) = -(mi2 - m23)X-(M)xV" (M) = 0, 

^f21;3;01;2] i^) = "(^12 " m23 " 1)x'-'\M)x+{M) = 0. 

Hence we obtain ^^1.3.01-2] (-^) ~ -^[2i-3 0i-2] (-^)- Here we use the relations (14. 5j) and (j4.10p . 
It is trivial that the equations (14.170 hold for other (j, k, I). 

• the proof of £'23 ° ^eg = ^e^ ° -^23- 

We have 

^f23;3;ll;0] (^) =("il3 " ?"12), 

423;3;11;1] (^) ={"^13 " "^12 " S{M)}X-{M), 

^f23;3;01;0] (^) = " ("^13 " '^12), 

^f23;3;01;l] (^) = " ("^13 " "^12)X+ {M ( V )) " {"^13 " "ll2 " <5(M)}X-(M), 

43;3;0i;2] (^) = " {"^13 " m^2 - 5(M)}x-(M)x+ (M ( V' ) [-1]) , 

^f23;3;00;0] (^) ="^13 " "^12, 

43;3;00;i] (M) ={mi3 - mi2 - 5{M)}x^{M), 
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^[23;3;11;0] (^) ="^13-^12, 

^P3;3;ll;l] i^) ={^13 " "^12 " <5(M)}X-(M), 
^i23;3;01;0] (^) = " ("^13 " "^12), 

^P3;3;0i;i] i^) = " (mi3 " mi2 + l)x+ W " {"^13 " mu " <5(M) + l}xL"''(M) + 1, 

^P3;3;01;2] (^) = " {"^13 " "^12 " (^(M) + 2}xL-^' (M)x+ (M) , 
^p3;3;00;0] i^) ="ll3 " "ll2, 

^f23;3;00;l] (^^) ={"^13 " "^12 " <5(M)}X-(M). 

We have 

43;3;0i;i] (M) = -{mn - mi2)(xV"' W + X-(M)) + <5(M)x-(M) 
= -mi3 + mi2 + (^(M)x-(M), 

^[23;3;01;l] (^) = "("^13 " "^12 + 1)(X+(M) + X^^'W) + 1 + 6iM)x^S'\M) 

= -mi3 + mi2 + 5(M)x-(M). 

Hence ^^23-3 0i i] (^) = -^[23-3 0i i] (^)- -^^^^ relations (ji3|) and (jOj) . 

We have 

43;3;0i;2] (^^) = -{"^13 " "^12 " 6{M)}x- {M)x'+'\M) = 0, 
^[23;3;01;2] (^) = "{"^13 " "li2 " 6{M) + 2}xL-" (M)X+ (M) = 0. 

Hence ^3.3.01.2] (^) = -^[23-3-oi-2] (^)- ^^^^ relations and ([iTTU]) . 

It is trivial that the equations (|4.17p hold for other (j, k, I). 

• the proof of £'32 o i^,^ = i^,^ o E^2- 

42;3;11;0] (^^) ="^22 " "^33, 

42;3;11;1] (^) ={"^22 " ^33 + 5{M)]x+{M), 
42;3;01;0] (^) = " ("^22 " ^33), 

432;3;01;1] (^) = " ("^22 " m33)x+ {M (°oO) " W " m33 + 5(M)}x+(M), 
42;3;01;2] (^) = " {"^22 " ^33 + 5(M)}x+(M)x+ (M (\-) [-1]) , 
432;3;00;0] (^) =("^22 - "133), 
42;3;00;1] (^) ={"^22 " ^33 + <5(M)}x+(M), 

and 

42;3;ll;0] (^) ="^22 - "133, 

^f32;3;ll;l] (^) ={"^22 " ^33 + 5{M)]x+{M), 
^[32;3;01;0] (^) = " ("^22 " ^33), 

^f32;3;01;l] (^) = " ("^22 " m33 + l)X+{M) - {^22 " ^33 + 5{M) - l}x^'(M), 
^i'32;3;01;2] (^) = " {"^22 " ^33 + 5(M)}x^' (M)x+ (M) , 
^[32;3;00;0] (^) =("^22 " "I33 + !)-!, 

^f32;3;00;l] (^) ={"^22 " m33 + 5{M) + l}x+(M) - X+(M). 
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We have 

^f32;3;01;l] (^) ~ -^[32;3;01;1] (^) 

= -(m22 - ms3)x^l\M) - {^22 - ^33 + 6{M)}x+{M) 

+ ("^22 - + 1)X+(M) + {m22 - "133 + 6{M) - 1}x^I\M) 
= - l)x+(M) + {6{M) - l)x^'(M) = 0. 

Hence we obtam the equation (j4.17p for (j, k, I) = (0, 1, 1). Here we use the relations (|4.5p and 

(1121). 

We have 

"^f32;3;01;2] (^) ~ -^[32;3;01;2] (^) 

= -{m22 - m33 + 6{M)} {x+{M)x+ {M (o^^) [-1]) - x^'(M)x+(M)) 
= -{m22 - ^33 + S{M)} {xf{M) - x%\M)) = 0. 
Hence we obtain the equation (j4.17p for (j, fc, /) = (0, 1, 2). Here we use the relations ()4.5p and 

It is trivial that the equations (j4.17p hold for other (j, fc, /). 

In these computations, we use the relations in Lemma 14.11 frequently. So we use these re- 
lations without notice in the proof of formula 1 and formula 2. Next, we check the equations 
14. 171 for i = 2, that is, the case of formula 2. 
• the proof of £'12 o i^^ = i^^ o E12. 
We have 

^fl2;2;ll;0] (^) =("^12 " '^ll)("l22 " "2-33), 

42;2;ll;l] (^) = " ("^12 " "^ll)^ ( )) X- (M ( )) 

+ (m23 - "222)X+(^^)("T'22 " "133 + 1), 
42;2;ll;2] (^) = " ("^23 " m22)x+{M)D {M ( ^ ) [-1]) X- (M ( ^ ) [-1]) , 
4l2;2;01;0] (^) = " ("^12 " "2ll)(m22 - m33), 

4l2;2;01;l] (^) =("^12 " mu)Ci (M ( ^ )) - (m23 " ^22)^+ (M) (m22 - m33 + 1), 

42;2;01;2] (^) =("^23 " m22)x+{M)C, (M ( ^ ) [-1]) , 

4l2;2;00;0] (^) = " ("^12 " "^ll)(m23 - m22), 

42;2;00;1] (^) = " ("^12 " "^ll)^^l ( 7 )) X- (M ( )) 

- (m23 - rn.22)x+(^)("T'23 - "^22 - 1), 
4l2;2;00;2] (^) = " ("^23 " m22)x+(M)Ci (M ( «/' ) [-1]) X- (M ( ) [-1]) , 

and 

-^[12;2;ll;0] (^) =("^12 " "111 + l)("^22 " "I33) - (m22 - m33), 

Bfi2-2-M;i] (M) = - (mi2 - rmi)D{M)x^{M) 

+ (m23 - m22)xV"(M)(m22 - m33) + Ci(M), 

^['l2;2;ll;2] (^) = " ("^23 " ^22 " l)xV" WX- (M) , 

-^[12;2;01;0] (^) = " ("^12 " "^ll)("l22 - "233), 

-^[12;2;01;1] (^) =("^12 " "^11 " 1)^1 (M) - (m23 - "T-22)x+(^)("^22 " "1-33), 
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^fl2;2;01;2] (^) =(^23 - m22 - l)x+{M)Ci{M) , 
-S[12;2;00;0] W = " ('^12 " mn){m23 - m22), 
^i'l2;2;00;l] (^) = " ("^12 " "^11 " 1)^1 (M)X-(M) 

- (?Tl23 - ■"^22 - 1)X+ ^'(M)(m23 - '^22), 
^52;2;00;2] (^) = " ("^23 - ^22 - 2)xV"' (M)Ci (M)X- (M) . 

We have 

^fl2;2;ll;l] (^) = " ("^12 " mii)(-m22 + 77133 + <5(M) - 1)(1 - X+(M)) 

+ (?Ti23 - rn22)x+{M){m22 - ^33 + 1) 
= - (mi2 - mii)(^(M) - 1) - (mi2 - mn + m22 - m33 + l)(5(M)x+(M), 

^52;2;ll;l] W = " ("^12 " mii)(-m22 + ^33 + <5(M))(1 - X+ W) 

+ (77123 - r7722)x+ ''(^)("^22 " "^33) + (^12 - mn - (5(M)x+(M)) 
= - (77712 - mu){D{M) - 1) - (77712 - 77711 + 77722 - 77733)5(M)x+ (M) 

-6{M)x+{M) 

= - {mi2 - mii){D{M) - 1) - (77712 - mn + m22 - m33 + l)5(M)x+ (M). 

Hence we obtain Afi2;2;ii;i] (^) = ^fi2;2;ii;i] (^)- 
We have 

42;2;ll;2] W = " ("^23 " m22)5 (M ( »/' ) [-1]) X+mx'-'\M) = 0, 
5[-'l2;2;ll;2] W = " ("^23 " m22 " 1)D{M)x'+'\M)X-{M) = 0. 
Hence WC obtain Afi2;2;ll;2] (^) = ^['l2;2;ll;2] (^)- 

We have 

^fl2;2;01;l] (^) =("^12 " "^ll){"^12 - mn - 1 - {5{M) - l)x+(M)} 

- (m23 - m22)x+{M){m22 - niss + 1) 
=(mi2 - mii)(mi2 - mn - 1) 

- x+(-/W){(m23 - m22)(m22 - m33 + 1) + (mi2 - mii)(5(M) - 1)}, 

^fi2;2;0i;i] (^) =(^12 - mn - l)(mi2 - mn - S{M)x+{M)) 

- (m23 - m22)x+(-^)("722 - "^33) 

=(mi2 - mii)(mi2 - mn - 1) 

- x+(-M')((m23 - m22)(m22 - m33) + (mi2 - mn - 1)6{M)). 

Therefore 

42;2;01;l] (M) - 5fl2;2;01;l] (^) = -X+(M){(m23 - m22) - (mi2 - mn) + 5{M)} = 0. 
Hence we obtain ^fi2;2;01;l] (^) = ^fl2;2;01;l] (^)- 

We have 

42;2;0i;2] (M) =(m23 - m22)x+(M){m23 - m22 - 1 + (5(M) - l)xL"''(^)} 
=(m23 - m22)(m23 - m22 - l)x+{M), 

-S[12;2;01;2] (^) =(^23 " m22 - l)(m23 " m22)x+(^)- 

Hence we obtain ^fi2;2;oi;2] i^) = ^fi2;2;0i;2] (-^)- 
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We have 

4i2;2;00;i] (^) = " ("^12 " "^ii)(mi2 " mn - 1)x^I'\M) 

- (77123 - 'm22){m23 - ^22 - l)x+{M) 

= - (Ci(M))(Ci(M) - l)ix'S'\M) + x+(M)) 
= -(Ci(M))(Ci(M)-l), 

-^['l2;2;00;l] (^) = ~ ("^12 " "^11 " 1)("^12 " mii)X-(M) 

- (m23 - m22){m23 - m22 - 1)x+^\M) 

= - (C7i(M))((7i(M) - l)(x-(M) + xt'' W) 
= -(Ci(M))(Ci(M)-l). 

Hence we obtain ^fi2;2;00;i] (^) = ^ii2;2;00;i] (^^)- 
We have 

42;2;00;2] (^) = " ("^23 " ^22)^1 (M ( ) [-1]) X+ (M)^^-^' (M) = 0, 
^fl2;2;00;2] (^) = " ("^23 " m22 " 2)Ci{M)x'+'\M)X-{M) = 0. 

Hence we obtain ^fi2;2;00;2] (^) = -Sfi2;2;00;2] (^)- 

It is trivial that the equations KT7\\ hold for (j, k, I) = (1, 1,0), (0, 1, 0) and (0, 0, 0). 

• the proof of £'21 ° = ° -^21- 
We have 

421;2;11;0] (^) =("^11 " '^22)(m22 - ^^33) 

4l;2;ll;l] (^) = " ("^H " "^22)^ (M ( )) X- (Af ( )) 

+ (mi2 - m23)x-(M)(m22 - ^33 + 1), 
4i;2;ii;2] (^) = " ("^12 " m23)x-(M)^ (M ( - ) [-1]) X- (Af ( - ) [-1]) , 

421;2;01;0] (^) = - ("^11 - "^22)("^22 " ^33), 

421;2;01;1] (M) =(mii - 77122)^1 (M ( )) - (77112 - 77723)X- (AT) (77122 - "733 + 1), 

4i;2;0i;2] (AT) ={^12 - 77723)%- (Af)Ci (M ( - ) [-1]) , 

421;2;00;0] (^) = - ("^11 - "^22)("723 - ^22), 

4l;2;00;l] (^) = " i^n " ^22)^1 (M ( )) X- (M ( «_? )) 

- (77712 - "^23)X- (AT) (777 23 " "^22 " 1), 
4l;2;00;2] (^) = " ("^12 " r7723)X- (Ar)(7i (M ( «° ) [-1]) X- (M ( ) [-1]) , 

and 

^f21;2;ll;0] (^) =("^11 " "^22)("^22 " "733), 
^f'21;2;ll;l] W = " ("^H " "^22 " l)5(M)X-(Ar) 

+ (77712 - ^23 + l)X-'(Af)(?T722 - "1.33), 
^f21;2;ll;2] W = " ("^12 " m23)x^' (Ar)5(Af)X- ( AT) , 
^[21;2;01;0] (^) = ~ ("^H ~ "^22 + l)("^22 " "733) + (r7722 - ^33), 
^[21;2;01;1] W =("^11 " "^22)^1 (AT) 
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- (mi2 - m23 + l)X-{M){m22 - mga) - D{M)x-{M), 

^Pl;2;01;2] (^) =(^12 " m23)X- (M)Ci (M) , 
^[21;2;00;0] (-^) = " ("^H " ^22)(m23 - m22), 
^[21;2;00;l] (^) = " (^H " ^22 - l)(5i (M)X- (M) 

- (mi2 - m23 + l)x-\M){m23 - ^22), 

5[21;2;00;2] (^) = " (^12 " m23)x^' (M)Cl (M)X- (M) . 

We have 

^f21;2;ll;l] W = " (^H " "^22)(-m22 + m33 + S{M) + 1)X- (M) 
+ ('7112 - ■'7l23)X-(-^)("l22 - ^33 + 1) 

= - (mil - m22)(<5(M) + l)x- (M) + (mi2 - m23)x-(M) 

+ (m22 - m33){(mii - m22)X-H-^) + ("^12 - "i23)X-(-^)} 
= - (mil - m22 - l)(5(M)x-(M) 

+ (m22 - m33){(mii - m22)X-n-^) + (»^12 - rn23)x-{M)}, 

^Pl;2;ll;l] (^) = " ("^11 " "^22 " l)(-"l22 + "IgS + S{M))X-{M) 

+ (mi2 - m23 + l)x-'(M)(m22 - m33) 
= - (mil - ^22 - l)6{M)x-{M) 

+ {m.22 - m33){(mii - m22 - l)x-(-^) + ("^12 - "^23 + l)X-'(-^)}- 

Therefore 

^f21;2;ll;l] i^) ~ ^[21;2;11;1] 

(M) 

= (m22 - m33){(5(M) + l)x-(M) - {5{M) + 1)x^L\M)} = 0. 

Hence we obtain ^f21;2;ll;l] (-^) = ^f21;2;ll;l] i^)' 

We have 

^f21;2;ll;2] (^) = " ("^12 " "l23)X- (M) (-m22 + "i33 + 5{M))x^L\M) 

= - (mi2 - m23)5(M)x^'(M)x-(M), 

^'21;2;ll;2] (^) = " (^^12 " m23)D{M)x^!^ {M)X-{M) . 

Hence we obtain ^pi.2-ii-2] (^^) = -^[2i-2-ii-2] (^-^)- 
We have 

42i;2;0i;il (^) =("^11 - "^22){m23 - m22 + (<5(M) + l)x-(M)} 

- (mi2 - m23)X-(-^)('^22 - ?7l33 + 1), 
^[21;2;01;1] (^) =("^11 " "i22)(m23 " "122 + 5(M)X-(M)) 

- (mi2 - m23 + l)x-(M)(m22 - m33) - D{M)x-{M). 

Therefore 

4l;2;01;l] (^)-^f21;2;01;l] (^) 

= (mil - m22)x-(M) - {rnx2 - m2z)x-{M) + (m22 - m33)x-(^) + D{M)x-{M) = 0. 
Hence we obtain ^f2i.2;oi;i] (^) = ^f2i;2;0i;i] (^)- 
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We have 

42i;2;0i;2] (M) =(mi2 - m23)x-(M){mi2 - mu - {6{M) + l)xV"(M)} 
= (mi2 - m23)(mi2 - mii)x-(M), 



21;2;01;2] (^) =("^12 " "^23)(ml2 - mii)X-(M). 



Hence we obtain ^pi.2 oi-2] (^^) ~ ^[2i-2 0i-2] (-^)- 
We have 

^f21;2;00;l] (^) 

= -(mil - m22)Ci (M ( )) X- (M ( "J )) - (mi2 - m23)x-(M)(m23 - m22 - 1) 

if<5(M)>-l, 

-(mi2 - m23)(m23 - 777-22 - 1) if (5(M) = -1, 

-(r7iii - m22){mi2 - mn + 1) - (r7ii2 - r?723)(772,23 - m22 - 1) if 6{M) < -1, 



B 



;2;00;l] (^) 



-(mil - ^22 - l)Ci (M)x-(M) - (mi2 - m23 + l)x^'(M)(m23 - m22) 

if(5(M)>-l, 
-(mil - m22 - l)(mi2 - mil) if (5(M) = -1, 

-(mil - "722 - l)(?7ll2 - mil) - ("1-12 - m23 + l)(7n23 " "^22) if S{M) < -1. 

Hence we obtain ^pi.2 001] (^^) ~ -^[2i-2 00 i] (^^)- 
We have 

^f21;2;00;2] (^) = " (^12 " m23)X- (M) (mi2 " "^ll)X- (M ( «° ) [-1]) 

= - ("712 - "T'23)("T'12 " mn )x^' (M)x- (M) , 
^f21;2;00;2] (^) = " ("^12 " m23)X- (M) (mi2 " r7lii)X-(M). 

Hence we obtain ^f2i;2;00;2] (^^) = ^f^2i;2;00;2] (^^)- 

It is trivial that the equations (liTTl) hold for (j, A;, /) = (1, 1,0), (0, 1, 0) and (0, 0, 0). 

• the proof of £'23 ° ^ea = ^62 ° -^23- 

We have 

^f23;2;ll;0] (^) =("^13 " "Il2)("i22 " ?"33), 



^[23;2;ll;l] 


(M) 


= - {rrin 

+ {"113 


^[23;2;11;2] 


(M) 


= - {"113 


^[23;2;01;0] 


(M) 


= - ("^l3 


^[23;2;01;1] 


(M) 


= ("113 - ' 
- {"113 


^[23;2;01;2] 


(M) 


={"^13 - ' 


^[23;2;00;0] 


(M) 


= - ("^l3 


A^ 

^[23;2;00;1] 


(M) 


= - ("113 
- {"113 


A^ 

^[23;2;00;2] 


(M) 


= - {"113 



{mi3 - mi2 - (5(M)}x-(M)(m22 - m33 + 1), 
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and 

^[23;2;ll;0] (^) =("^13 " ?«12)(m22 - msa), 
^P3;2;ll;l] (M) = - (mi3 - TUu + 1)D{M)X-{M) 

+ {mi3 - mi2 - 6{M) - l}x^l\M){m22 - mga), 

5[23;2;ll;2] W = " W " ^12 - <5(M)}x^) (M)5(M)X- (M) , 
^[23;2;01;0] (^) = " ("^13 " mi2){m22 - ^33), 
^[23;2;01;1] (^) =("^13 " "^12 + l)(5l(M) 

- {mi3 - mi2 - 6{M)}x-{M){m22 - m33) - (77123 - "^22), 

^f23;2;01;2] (^) =W " "^12 - <^(M) + l}X-(M)Ci(M) - Ci(M)X-(M), 

^f23;2;00;0] (^^) = " ("^13 " "^12)(m23 - ^22), 
^[23;2;00;1] (^) = " ("^13 " "^12 + l)Ci(M)X-(M) 

- {mi3 - mi2 - 6{M) - l}x^' (M)(rn23 - ^22), 

^'23;2;00;2] (^) = " Wl3 " "^12 " <5(M)}x« (M)Ci (M)X- (M) . 

We have 

^f23;2;ll;l] W = " ("^13 " "112) (-^22 + ^33 + 5{M) + l)X-'(M) 

+ {mi3 - mi2 - (5(M)}x-(M)(m22 - ^33 + 1), 

^P3;2;ll;l] W = " ("^13 " "^12 + l)(-"222 + "^33 + (5(M))X-(M) 

+ {mi3 - mi2 - (^(M) - l}x^H^)("^22 - m33). 

Therefore 

43;2;ll;l] (^) ' ^[23;2;11;1] (^) 

= (mi3 - mi2 - m22 + uiss^SiM) + l)(x-(M) - X- W) = 0. 

Hence we obtain ^f23;2;ii;i] (M) = 5f23;2;ii;i] (-^)- 
We have 

^f23;2;ll;2] (^) = " {^13 " ^12 - S{M)}X-{M) {-17122 + ^33 + S{M))x^1\M) 

= - {mi3 - mi2 - <5(M)}5(M)x^H^)X- W> 

^f23;2;ll;2] (^) = " {"^13 " "^12 " 5{M)} D {M)x'^\M)X- (M) . 
Hence we obtain ^f23;2;ll;2] (^) = -^[23;2;11;2] (^)- 

We have 

^f23;2;01;l] (^) =("^13 " "2l2){m23 " ^22 + {S{M) + l)X-(M)} 

- {mi3 - mi2 - (5(M)}x-(M)(m22 - ^33 + 1), 

^p3;2;01;l] (^) =(^13 " ^12 + l)(rn23 - ^22 + (5(M)x-(M)) 

- {mi3 - mi2 - 6{M)}x-{M){m22 - m^z) - (m23 - "7.22) 
=(mi3 - mi2){m23 - ^22 + (^(M) + l)x-(M)} 

- {miz - mi2 - 6{M)}x-iM){m22 - ^33 + 1). 

Hence we obtain ^f23.2;01;l] (^) = ^f23;2;01;l] (^)- 
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We have 

43;2;0i;2] W ={"^13 " "^12 " <5(M)}x- (Af){mi2 - mn - (<5(M) + 1)x'+'\M)} 
={mi3 - mi2 - (5(Af)}(mi2 - mii)x-(M), 

^[23;2;01;2] W ={"^13 " ^12 " <^(M)}Ci (M)X- (M) 

={mi3 - mi2 - (^(M)}(mi2 - mu)X-{M). 
Hence we obtain ^p3.2;oi;2] 

(M) = 

-^i23;2;01;2] 

We have 

^f23;2;00;il (^) = " ("^13 " mi2)(mi2 - mn + l)x^^(M) 

- {mis - '^12 - 5(M)}x-(M)(m23 - m22 - 1), 

-^[23;2;00;1] (^^) = ~ ("^13 " "^12 + l)("^12 " mii)X-(M) 

- {mi3 - mi2 - 5(M) - l}x*^'(M)(m23 - m22). 

Therefore 

^f23;2;00;l] (^) ~ ^[23;2;00;1] (^) 

= (mi3 - mi2 + m23 - m22){S{M) + l)(x-(M) - X-'(M)) = 0. 

Hence we obtain ^f23;2;00;i] (^) = ^p3;2;00;i] (^)- 
We have 

423;2;00;2] (^) = " {"^13 " "^12 " 5(M)}x- (M) (mi2 - mn)x- (M ( \," ) [-1]) 
= - {mi3 - mi2 - 5(M)}x-(M)(mi2 - mii)x^' 

^f23;2;00;2] (^) = " {"^13 " "^12 " <5(M)}x^' (M) (mi2 - mn)x-(M). 

Hence 43.2;oo;2] i^) = B^^,.,.^,.^^ (M). 

It is trivial that the equations (lilTll hold for (j, k, I) = (1, 1,0), (0, 1, 0) and (0, 0, 0). 

• the proof of £'32 o i^^ = i^^ o £'32. 
We have 

^f32;2;ll;0] (^) =("^22 " m33)(m22 - m33 - 1), 

42;2;ii;i] i^) = " ("^22 " mss)D (M X- (M 

+ {m22 - m33 + 6{M)}x+{M){m22 - m^s), 

42;2;ll;2] (^) = " {"^22 " m33 + <^(M)}x+(M)5 (M (» [-1]) X- (M (« [-1]) , 
432;2;01;0] (^) = " ("^22 " m33)(m22 - m33 - 1), 
42;2;01;1] (^) =("^22 " mss)^! (M ("-)) 

- {m22 - m33 + 5(M)}x+(M)(m22 - mss), 
42;2;01;2] (M) ={m22 " m33 + 5{M)}x+{M)Ci (M [-1]) , 

432;2;00;0] (^) = " ("^22 " m33)(m23 - m22 + 1), 
42;2;00;1] (^) = " ("^22 " m^^)Ci [M X- [M (°o^)) 

- {m22 - m33 + (^(M)}x+(M)(m23 - m22), 

42;2;00;2] (^) = " {"^22 " m33 + <^(M)}x+ (M)(7i (M [-1]) X- (M (« [-1]) , 
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and 



-°[32;2;11;0] 
'"[32;2;ll;i; 



R^ 

-°[32;2;11;2 
-°[32;2;01;0l 



[32;2;01;1 



5 



B, 



A 

[32;2;01;2 
A 

[32;2;00;0 
A 

[32;2;00;1 



B, 



A 

[32;2;00;2] 



(M) 
(M) 

(M) 
(M) 
(M) 

(M) 
(M) 
(M) 

(M) 



=("i22 - rnsa - l)(m22 - ^33), 
= - (m22 - m33)D{M)x-{M) 

+ {77122 - r7l33 + S{M)}x^^^\M){m22 - ms3), 
-- - {77722 - m33 + S{M) + 1}x^-'\M)D{M)x-{M) , 

-- - {m22 - mzz - 1)(77722 - ^7733), 
= (77722 - 77733 )(7i(M) 

- {?^^22 - rn^z + 5{M) - l}x+(M) (77722 - ?t733), 
={77722 - r7733 + (5(M)}x+ (M)(7i (M) , 

= - {m22 - mss) {17123 - m22) - {m22 - ^33), 
= - (77722 - mas + (M)x-(M) 

- {77722 - msa + 5{M) + l}xV''H^)(m23 - r7722) + Ci(M), 

= - {77722 - r7733 + 6{M) + 2}x^,'\M)Ci{M)x-{M) . 



We have 

^f32;2;ll;l] W = " ("^22 " m33)(-7n22 + 7^33 + <5(M))(1 - X+(M)) 
+ {"T-22 - 77733 + '^(M)}X+(A^)(m22 - ^-33) 

=(m22 - 7n33){-5(M) + 25(M)x+(M)}, 

^P2;2;ll;l] (^) = " ("^22 - ^33) (-77722 + ^33 + 5{M)){1 - xV\^)) 
+ {?T722 - 77733 + '^(-^)}X+ ^'(-^)('^22 - 77733) 
= (77722 - 77733){-^(M) + 25{M)x^-'\M)} 
= (77722 - 77733){-5(M) + 25{M)x+{M)}. 

Hence we obtain ^f32;2;ii;i] {M) = S[-^32;2;ii;i] (^)- 
We have 

42;2;ll;2] (^) = " {"^22 - 77733 + 5{M)}D (M {^-^) [-1]) X^-mx'l'\M) = 0, 



B. 



(M) = - {77722 - 77733 + ^(M) + l}D{M)xV'\M)X-{M) = 0. 



'[32;2;11;2] 

Hence we obtain 42;2;11;2] (^) = ^[32;2;11;2] (^)- 

We have 

42;2;01;1] W =("^22 " 77733){777 l2 " 7«ii - (<5(M) - 

- {77722 - 77733 + K^)}x+{M){m22 - 77733) 

= (77722 - 77733){(777 i2 - 777ii) - %+ (M) (77722 " 77733 + 25{M) - 1)}, 
^P2;2;01;l] (^) =(^22 - 7r733){777l2 - 777ii - 5{M)x+{M)} 

- {77722 - 77733 + ^{M) - l}x+(M) (77722 - 77733) 

= (77722 - 77733){(777 i2 - 777ii) - X+(M)(77722 - 77733 + 25{M) - 1)}. 
Hence we obtain 42;2;01;1] (^) = ^[32;2;01;1] (^)- 
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We have 

^f32;2;01;2] i^) ={^22 " "133 + S{M)}x+{M){m23 " m22 + {S{M) - l)X-(M)) 

={"T-22 - ^1^33 + S{M)}{m23 - m22)x+iM), 

^P2;2;01;2] (^) = W " "133 + 6{M)}{m23 " m22)x+(M). 
Hence we obtain ^j^2;2;01;2] (^) ~ -^[32;2;01;2] 

(M). 

We have 

^f32;2;00;l] W = " ("^22 " "133) (mi2 - mi^xL"'' (M) 

- {"^22 - "I33 + 6{M)}{m23 - m22)x+{M) 

= - (m22 - m33)Ci{M)x'~'\M) - {77122 - ^33 + d{M)}Ci{M)x+{M) 
= - (m22 - m33)Ci{M){x^l'\M) + x+(M)) - Ci{M)5{M)x+{M) 
= - (m22 - m33)Ci{M) - Ci{M)6{M)x+{M), 

B[32;2mi] = - ("^22 " m33 + l)Ci{M)X-{M) 

- {m22 - m33 + 6{M) + 1}Ci{M)x^~'\M) + Ci{M) 

= - (m22 - m33 + l)(7i(M)(x-(M) + x+"\M)) + (7i(M) 

- CiiM)6iM)x'+'\M) 

= - (m22 - m33)Ci{M) - Ci{M)5{M)x+{M). 

Hence we obtain ^f32.2;oo;i] (^) = ^f^32;2;00;i] (*^)- 
We have 

42;2;00;2] (^^) = " {"^22 " ^33 + <^(M)}(7i (M (° [-1]) X+{M)x'I'\M) = 0, 
^[32;2;00;2] (^^) = " {"^22 " ^33 + d{M) + 2}Ci{M)x'+'\M)X-{M) = 0. 

Hence we obtain ^p2;2;00;2] 

(M) = 

-^[32 ;2;00;2] 

It is trivial that the equations (HTTI) hold for (j, /c, /) = (1, 1, 0), (0, 1, 0) and (0, 0, 0). 

At last, we check the equations 14.171 for i = 1, that is, the case of formula 1 by direct 
computation. 

• the proof of £'12 o «ei = ^ei ° -^12- 
We have 

4l2;l;ll;0] (^) =("^12 " 'Wll)("il3 " "^12)(m22 - "I33), 
42;l;ll;l] i^) = " (^12 " mn)^ (M ( «/' ) ) 

+ (m23 - m22)x+(^)("^l3 - "ii2 + l)(m'22 - "^33 + 1), 
4i2;i;ii;2] (M) = " ("^23 " m22)x+iM)E (M ( ) [-1]) , 
42;i;0i;0] (^) = ~ ("^12 - "iii)(mi3 - mi2)(m22 - m.33), 
42;i;0i;i] (M) ={mi2 - mu)F [M ( «/' )) 

- (m23 - m22)x+(^)("il3 - "112 + 1)(W22 - "l33 + 1), 
42;l;01;2] (^) = " ("^12 " "^ll)C^2 (M ( ^ )) X+ (M ( )) 

+ (m23 - m22)x+{M)F (M ( \» ) [-1]) , 

42;l;01;3] (^) = " ("^23 " m22)x+(M)C2 (M ( ) [-1]) X+ {M ( ? ) [-1]) , 
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"^fl2;l;00;0] i^) = ~ ("^12 " 'mii){mi3 - mi2)(mi3 - m22 + 1), 

42;i;00;i] (^) ={mi2 - mu)C2 (M ( )) 

- (m23 - m22)x+(M)(mi3 - mu + l)(mi3 - "^22), 

42;l;00;2] (^) =("^23 - m22)X+(M)C2 (M ( ^ ) [-1]) , 

and 

-^[12;l;ll;0] (-^) =("^12 " "^11 + 1)("^13 - rni2){m22 - ^33) - (mi3 - mi2)(m22 - mss), 
^52;l;ll;l] (^) = " ("^12 " mn)E{M) 

+ (?Ti23 - '"^22 + ^)x+iM){mi3 - mi2)(m22 - ^33) + F{M), 

S['l2;l;ll;2] (^) = " ("^23 - ^22)%+ (M)^(M) - C72(M)x+(M), 
-^il2;l;01;0] i^) = ~ ("^12 " "lll)("ll3 - mi2)(m22 - ^33), 
^fl2;l;01;l] (^) =(^12 ' Uln ' l)^(M) 

- (?Tl23 - "122 + 1)X+ (M)(mi3 - "il2)("i22 " W-as), 
^['l2;l;01;2] (^) = " ("^12 " ^11 " 2)C2(M)x+(M) + (m23 - m22)x'+\M)F (M) , 
^['l2;l;01;3] (A^) = " (^23 " m22 " 1)x^HM)C2 ( Af )x+ (M) , 

-^[12;1;00;0] (^) = ~ ("^12 " "lll)("T'13 " "^12)("^13 " "^22 + 1), 
^52;l;00;l] W =("^12 " "^'11 " 1)C2(M) 

- (m23 - m22)x+(^)("^i3 - mi2){mi3 - 77122 + 1), 

^[l2;l;00;2] W =("^23 " ^22 - l)x+ (M)C2 (M) . 

We have 

4l2;l;ll;l] W " ^i'l2;l;ll;l] W 

= -("^12 - "^ll){(?"l2 - "^23) + ("^13 - "^33 " "^12 + ^7722 + l)x+{M)} 
+ (77713 - "^33 - mi2 + 777 22 + 1)("^23 " "^22)X+(-^) 

- (77713 - mi2){m.22 - 777 33)x+(M) - F{M) 
= -("713 - "^33 - mi2 + 777 22 + l)(5(M)x+(M) 

- (77713 - mi2){m22 - 777 33)x+(M) - (777 i2 - 7nii)(777 i2 - 77723) " F{M) 
= -{{mi2 - 777ll)(r77l2 - 77723) " ("^12 " 77722 ) (^(M) X+ (M)} 

- X+(M){(777 13 - 7?li2)(?7722 - ^33) + (r77i3 - 77733 + 1)<^(M)} " F{M) 

= 0. 

Hence we obtain ^j\2 i ii i] (-^) = ^[i2 i ii i] (-^)- Here we use the relations 

(4.18) E{M{\^))= E{M) + (77112 - ^23) + (mi3 - 77133 - ^12 + 77722 + l)x+(M). 
We have 

42;i;ii;2] (^) = " ("^23 - m22)(^(M) + Ci(M))x+(M) 

= - (77723 - 77722)X+(M)^(M) - Ci(M)(77723 " 77722)x+ W 
=^il2;l;ll;2] (^) • 

Hence we obtain ^|i2-i ii-2] (^) ~ -^[i2-i ii-2] (^^)- Here wc use the relation 

(4.19) E (M ( 7 ) [-1]) x+(M) = {E{M) + Ci(M))x+(M). 
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We have 

42;l;01;l] (^) " ^fl2;l;01;l] (^) 

= (mi2 - mii){(mi2 - m23) - (mi3 - mi2)(m22 - m33)x+{M) 
+ (mi3 - mi2 + l)(m22 - ^33 + l)x+(M)} + F{M) 

- (m23 - m22)x+(^)("T'13 - "112 + l)(m22 - ^33 + 1) 

+ (m23 - m22 + l)x+ (M)(mi3 - ?^i2)(m22 - ^33) 
= (mi2 - mii)(mi2 - m23) - (mi3 - mi2)(m22 - m33)((5(M) - l)x^'(M) 

+ (mi3 - mi2 + l)(m22 - ^33 + l)d{M)x+{M) + F{M) 
= {{mi2 - mii)(mi2 - m23) - {mi2 - m22)(5(M)x+(M)} 

+ x+(M){(mi3 - mi2)(m22 - 77133) + im^z - 77133 + + F{M) 

= 0. 

Hence we obtain ^[^i2 i-oi-i] (-^) ~ -^[i2 i-oi-i] (-^)- Here we use the relations 

(4.20) F{M{°°)) =F{M) + (mi2 - 77123) - (77113 - 777i2)(r7Z22 - r7i33)x+ W 

+ (mi3 - mi2 + I)(r7i22 - 77733 + l)x+(-^)- 

We have 

^fl2;l;01;2] i^) =("^23 - 77722){-(777 l2 - mu){mu - 77722 + l)x+ {M) 

+ F(M(7)[-1])X+(M)}, 

^[12;l;01;2] i^) =("^23 - 77722){- (777i2 - mn - 2)(mii - r7722)X+(-^) 

+ F(M)x^'(M)}. 

By the relation 

(4.21) F (M ( 7 ) [-1]) x+(M) =F(M)x^'(M) + (mi2 - 7nii)(777ii - 77^22 + l)x+ (M) 

- (mi2 - TTT-ii - 2)(mii - m22)x+(^), 

we have 42;1;01;2] (^) " ^[''l2;l;01;2] (^) = 0" ^ence we obtain 42;l;01;2] (^) = ^[''l2;l;01;2] i^)- 

We have 

4i2;i;0i;3] (M) = - (7^23 - m22)x+iM)C\iM)im23 - 77722 - l)x+ (M ( 7 ) [-1]) 
= - Ci(M)x+(M)Ci(M)(m23 - 77^22 - l)x+ (M) 

=-^[12;l;01;3] (^) ' 
Hence we obtain Aj^i2;l;01;3] (^) = ^fl2;l;01;3] (^)- 

We have 

4l2;l:00:l] (^) " -S[12;l;00;l] (^) 

= (mi2 - 7nii){(mi2 - 7n22)x+(^) - (777i2 - 77123)} + C2(M) 

- (77723 - 77722)X+(^) (777 1 2 " 77722) 
= C2(M) - (r77l2 - 77723)(777l 2 - 777ll) + (777 1 2 " 77722)5(M)x+ (M) 

= 0. 

Hence we obtain ^^i2T 001] ~ ^[i2T 00T] i-^)- Here we use the relations 

(4.22) C2 (M ( 7 )) = C2{M) + (mi2 - 77722)x+(M) - (77712 - 77723)- 
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We have 

^fl2;l;00;2] (^) 

= (mil - 'm.22)("l23 - "I22)("l23 " "7-22 " l)x+(^)C2(M) 
= -^[12;1;00;2] (^) • 

Hence we obtain ^j\2-i oo-2] (^) ~ ^[i2-i oo-2] (^)- 

It is trivial that the equations (I4T71) hold for (j, fc, /) = (1, 1,0), (0, 1, 0) and (0, 0, 0). 

• the proof of £'21 ° ^ei = "^ei ° -^21 
We have 

"4f21;l;ll;0] (^) =("^11 " '^22)("7l3 " mi2)(m22 - ^33), 
4l;l;ll;l] i^) = " (^n - 7^22)^ (M ( )) 

+ (mi2 - m23)x-(M)(mi3 - mi2 + l)(m22 - "733 + 1), 
4i;i;ii;2] (^) = " ("^12 - m23)x-(M)^ (M ( «° ) [-1]) , 

^f21;l;01;0] (^) = ~ ("^H ~ "^22)("^13 " rni2){m22 - m.33), 

4i;i;0i;i] (^) =("^ii " "^22)^ (M ( «° )) 

- (mi2 - m23)x-(M)(mi3 - mi2 + l)(m22 - "133 + 1), 
4l;l;01;2] (M) = " (mn - ^22)^2 (M ( "'^ )) x+ (M ( «° )) 

+ (mi2 - m23)x-(M)F (M ( °? ) [-1]) , 
4i;i;0i;3] (M) = - (^12 - m23)x-(M)C2 (M ( - ) [-1]) x+ (M ( - ) [-1]) , 

4l;l;00;0] (^^) = ~ ("^H ~ "i22)(m'13 " "T'12)(?7ll3 " "^22 + 1), 
4l;l;00;l] (^) =("^11 - "^22)C2 (M ( - )) 

- (mi2 - m23)x-(M)(mi3 - mi2 + l)(mi3 - "722), 

4l;l;00;2] (^) =i^l2 " m23)X-(M)C2 (M ( ) [-1]) , 

and 

-^[21;l;ll;0] (^^) =("^11 " "T'22)(m'13 " 'mi2){m22 - ^33), 
^Pl;l;ll;l] i^) = " ("in - 77122 " l)E{M) 

+ (mi2 - m23)X-(^^)("^13 - "T.i2)(m22 - m.33), 
^Pl;l;ll;2] (^) = " ("^12 " "^23 " 1)X-(M)^(M), 

-^[21;1;01;0] (^'^) = ~ ("^H ~ "^22 + l)("ll3 " 'm'12)("T'22 " mss) + (^13 - mi2)(m22 - ^33), 
5pi;l;01;l] (^) =("^11 " "^22)F(M) 

- (mi2 - r?T,23)X- ''(^^)("^13 - "il2)("7.22 " "133) - E{M), 
^Pl;l;01;2] (M) = - (mn - m22 " l)C2(M)x+(M) 

+ (mi2 - m23 - l)x^-'\M)F{M), 

^f21;l;01;3] i^) = - (mi2 - m23 " 2)x'-'\M)C2{M)x+{M) , 
-^[21;1;00;0] (^) = ~ ("^H ~ "T'22)("il3 " "2-12)(W'13 " "^22 + 1), 
^f21;l;00;l] (^) =("^11 " "^22 " 1)C2(M) 

- (mi2 - m23)x-(^)("ii3 - 'mi2){mi3 - m22 + 1), 
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^[21;l;00;2] (^) =(^12 - m23 - 1)X-(M)C2(M). 

We have 

4i;i;ii;i] W - ^Pl;l;ll;l] W 
= (mil - m22)(mi2 - 77123)%- (M) + E{M)x'+'\M) 

+ imi3 - 77133 - mi2 + 77Z22 + l)(Tni2 - m23)x-iM) - E{M) 
= (7ni2 - m23)(mi3 - 77133 + 1 - ^12 + mii)x-(M) + E{M){x+''\M) - 1) 
= E{M){x-{M)+x^-'\M) - 1) = 0. 

Hence we obtain ^pi-i-n-ij {M) = -Bpi i-ii-i] (-^)- Here we use the relations 

(4.23) (mil - m22)^ {M ( li'i )) =(mii - m22){^(M) - (mi2 - m23)x-(M)} 

- E{M)x^-'\M). 

We have 

^f21;l;ll;2] (^) = " ("^12 " m23)X- (-^) ("^12 " »^23 - l){mi3 - "733 + 1 + ?TJl2 - ^11} 

=^[21;1;11;2] (^) ' 
Hence we obtain ^f21;l;ll;2] (^) = -^[21;1;11;2] (^)- 

We have 

^f21;l;01;l] (^^) ~ -^[21;1;01;1] (^) 

= (mil - 'm-22){-(mi3 - mi2)(m22 - m33)x^^H-^) 
+ {miz - mi2 + l)(m22 - ^33 + l)x-{M) - (mi3 - m23 - m33 + m22 + 1)} 

- {rni2 - m2z)x-{M)(mi2, - mu + l)(m22 - m33 + 1) 

+ (mi2 - m23)x^^H-^)('^i3 - mi2){m22 - 7^33) + E{M) 
= -5(M)x-(M)(mi3 - mi2 + l)(m22 - m33 + 1) 
+ S{M)x'L^\M){mi3 - mi2)(m22 - m33) 

- {mil — rn22)i'mi3 — m23 — 77733 + ^^^22 + 1) + E{M) 
= -("711 - 'rn22){'mi3 - 17123 - "^33 + "^22 + 1) 

- (mi3 - m33 - mi2 + m22 + l)(5(M)x-(M) + E{M) 
= 0. 

Hence we obtain ^^i-i-oi-ij i^) = -^pi i oi i] (^)- Here we use the relations 

(4.24) F (M ( !i» )) =F{M) - {mis - mi2)(m22 - m33)X- ''(M) 

+ {mi3 - mi2 + l)(m22 - m33 + l)x-(M) 
- {mi3 - m23 - 77733 + m22 + 1), 

(4.25) E{M) =(mii — m22)(mi3 — m23 — m33 + m22 + 1) 

+ {mis — m^s — mi2 + m22 + l)S{M)x-{M). 

We have 

^f21;l;01;2] {^) = " ("^H " "l22)(r77ll - m22 - l)(m23 - ■^22)X+ ^H-^) 

- (mi2 - m23)(mi2 - m23 - l)(mi2 - mii)x-(M) 
= - C2{M){Ci{M) - l)x^^'\M) - C2{M){Ci{M) - l)x-(M) 
= -C2(M)(Ci(M)-l), 
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^[2i;i;0i;2] (^) = " (CiiM) - l)C2{M)x+{M) - (C7i(M) - 1)C2{M)x'-'\M) 
= -C2(M)(Ci(M)-l), 

Hence we obtain ^p^. 1.01-2] (^) ~ -^[2i-i oi-2] (^)- Here we use the relation 

(4.26) F(M)x^'(M) = -C2(M)x^'(M) (r > -1). 
We have 

4i;i;0i;3] (^) = " ("^12 " "^23)^2 (M ( ) [-1]) x-{M)x'+'\M) = 0, 

^Pl;l;01;3] (^) = " i^l2 " "^23 " 2)^2 (Mjx^-'' (M) = 0, 

Hence we obtain ^pi-i-oi-sj (^) = -^[2i-i oi-3] (-^)- 
We have 

^f21;l;00;l] (^) ~ ^[21;1;00;1] (^) 

= (mil - "222){("ll2 - 'm'22)X-(^) - ("123 " "^22)} + C2(M) 

- (mi2 - m23)(mi2 - m22)x-(^) 
= -(mil - rn22)im23 - m22) - {mu - m22)S{M)x-{M) + C2{M) 
= 0. 

Hence we obtain ^pi-i-go i] (^) ~ -^[2i-i oo i] (^^)- Here we use the relations 

(4.27) C2 [M ( o« ))=C2{M) + (mi2 - m22)x-(M) - (m23 - m22). 
We have 

^f21;l;00;2] (^) =("^12 " "l23)(m'12 " "1-23 - l)(mi2 - mii)X-(M) 
=^i21;l;00;2] (^-^) • 

Hence we obtain ^j^i. 1.00 2] (^) ~ -^[2i-i oo-2] (^)- 

It is trivial that the equations (|il71)' hold for (j, k, I) = (1, 1,0), (0, 1, 0) and (0, 0, 0). 



• the proof of £'23 ° = ^ei ° -^23 
We have 
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43;i;00;2] (M) ={m,s - mi2 - d{M)}x-{M)C2 (M ( ^ ) [-1]) , 

and 

-^[23;l;ll;0] =("^13 " '^12 - l)("ll3 - rni2){m22 - ^33), 

^[23;l;ll;l] (^) = " ("^13 " muMM) 

+ {mi3 - mi2 - S{M) - l}x-(M)(mi3 - mi2)(m22 - ^33), 

^[23;l;ll;2] (M) = - {^13 - Ulu - (5(M)}x- (M)^(M), 
-^[23;1;01;0] i^) = ~ ("^13 " "^12 " l)(mi3 - mi2){m22 - ^33), 
5[23;l;01;l] (^) =("^13 " mi2)F(M) 

- {?^^13 - ?"'12 - S{M)}x'-I^\M){mi3 - mi2)(m22 - ^33) 

- {mis - mi2)(mi3 - 7/122 + 1), 

^P3;l;01;2l i^) = - (mi3 - TTlu + 1)C2 (M)x+(M) 

+ {mi3 - mi2 - 5(M) + 1}x^-'\M)F{M) + C2(M), 

^P3;l;01;3] (^) = " {"^13 " ^12 - S{M) + 2}xL"'' (M)x+ (M) , 
-^[23;1;00;0] i^^) = ~ ("^13 " "^12 " l)("ll3 " m-12)(TOi3 - m22 + 1), 
^[23;1;00;1] i^) ={^13 " mi2)C2(M) 

- {mis - mi2 - 5{M) - l}x-(M)(mi3 - mi2)(mi3 - m22 + 1), 

^'23;l;00;2] (^) ={"^13 " ^12 " 5(M)}X- (M)C2 (M) . 

We have 

"^f23;l;ll;l] (^) " -^[23;1;11;1] (^) = ' ("^13 ^ "ll2)("^13 + "^23 ^ "7'33 " 2mi2 + mii)X-(M) 

+ (mi3 - mi2)x-(^)("T'i3 - 1^12 - d{M) + m22 - ^33) 
=0. 

Hence we obtain ^ps-i-n-i] (M) = B^^^.-^^.-^^^.^ i^)- Here we use the relation 

(4.28) E (M ( )) = E{M) + {mis + ^23 - m33 - 2mi2 + mii)x-(M). 
By the relation 

(4.29) E (M ( V ) [-1]) X-{M) = E{M)x-{M), 
Hence we obtain 

^f23;l;ll;2] i^) = -S[23;l;ll;2] i^) ■ 

We have 

^f23;l;01;l] (^) " ^[23;1;01;1] (^) 

= (mi3 - mi2){(mi3 - mi2 - S{M))x-{M) 

- (mi3 - mi2)(m22 - Tn33)(x^^' - X-(M)) + (mi3 - 77122 + 1)} 

- {mi3 - 77112 - '^(M)}x-(M) (77713 " rni2){m22 - r7733 + 1) 

+ {'T713 - mi2 - S{M)}x'L^\M){mi3 - mi2){m22 - mzz) 

+ (»T7l3 - ^12) (777 13 " '"^22 + 1) 
= (777 13 - mi2) (7/722 - 77733)<5(M) (X- (M) - X- "(M)) 

= 0. 
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Hence we obtain ^p3-i oi i] ~ -^ps-i oi i] (^-^)- Here we use the relation 

(4.30) F [M ( \° )) =F{M) + (mi3 - mi2 - 6{M))x-{M) 

- (mi3 - mi2)(m22 - rn-i^){x^^^^ - X^{M)) + (mi3 - ^22 + 1). 

We have 

^f23;l;01;2] (^) = ~ ("^13 " "^12)(?7lll " m22){m23 - m22)x+^\M) 

- {mi3 - 77112 - 5{M)}{mi2 - m23)(mi2 - mii)x-(M) 

= - (mi3 - mi2)C2{M)x'+'\M) - {mi3 - mi2 - 6{M)}C2{M)x-{M) 
= - (mi3 - mi2)C2(M) + 5(M)C2(M)x-(M), 

^P3;l;01;2] (^) = " ("^13 " "^12 + l)C2(M)x+(M) 

- {mi3 - mi2 - <5(M) + 1]C2{M)x^Z'\M) + C2{M) 

= - (mi3 - mi2 + 1)C2(M) + C2{M)6{M)x^Z'\M) + C72(M) 
= - (mi3 - mi2)C2(M) + 5{M)C2{M)x-{M). 

Hence we obtain ^^3.1.01-2] (^) ~ -^[23-i oi-2] (^)- Here we use the relation ()4.26p . 
We have 

43;i;0i;3] (^) = " {"^13 - m,2 - 5(M)}C2 (M ( ) [-1]) x-{M)x'+'\M) = 0, 

^[23;l;01;3] i^) = " {^13 - fUu " 5(M) + 2)^2 (M)xL-'HM)X+ (M) = 0. 

Hence we obtain ^^3.1.01-3] (^) = ^[23-i oi-3] (^)- 
We have 

^f23;l;00;l] (^) ~ -^[23;1;00;1] (^) 

= (mi3 - mi2)(mi2 - ^22 + 1 + (5(M))x-(M) 
- {mi3 - mi2 - 6{M)}x-{M){mi3 - mi2){mi3 - 77122) 

+ {77713 - "712 - - 1}X-(^)("T'13 " "^12)("^13 " "l22 + 1) 

= 0. 

Hence we obtain ^^3.1.001] (^) ~ ^[23-i oo i] (^)- Here we use the relation 

(4.31) C2 (M ( V )) = C2(M) + (77712 - 777 22 + 1 + 5(M))X-(M). 

We have 

^f23;l;00;2] (^) 

= {77713 - "712 - 5{M)}X-{M)C2{M) 
= ^[23;1;00;2] (^) • 

Hence we obtain ^f23;i;00;2] (^) = ^p3;i;00;2] (^^)- 

It is trivial that the equations KTl\\ hold for (j, /c, /) = (1, 1, 0), (0, 1, 0) and (0, 0, 0). 

• the proof of £'32 o i^^ = i^^ o E32 
We have 

^f32;l;ll;0] (^) =("^22 " ■m'33)(777 i3 - 777i 2)(777 22 - "1.33 - 1), 
42;l;ll;l] (^) = " i^22 " ^33)^ (M (« ) 

+ {"^22 - "1-33 + S{M)}x+iM){mi3 - mu + 1)(77722 - "1.33), 

42;l;ll;2] W = " {"^22 " ^33 + 6iM)}x+{M)E (M (« -) [-1]) , 
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^f32;l;01;0] i^) = " ("^22 - m33)(mi3 - mi2)(m22 - ^33 - 1), 

42;i;0i;i] W =("^22 - ^33)^ (M (°-)) 

- {"^22 - ?^^33 + SiM)}x+iM){mi3 - mi2 + l)(m22 - m33), 

42;l;01;2] W = " (^22 - mss)C2 (M (°-)) X+ {M 

+ {m22 - m33 + S{M)}x+{M)F (M [-1]) , 

42;l;01;3] W = " W - ^33 + <5(M)}x+ (M)C72 (M (""l) [-1]) X+ (M (""l) [-1]) , 

42;i;00;0] W = - ("^22 - m33)(mi3 - mi2)(mi3 - m22 + 2), 
42;i;00;i] (M) =(^22 - m33)C2 (M ("-)) 

- {^22 - "133 + S{M)}x+{M){mi3 - mi2 + l)(mi3 - "^22 + 1), 
42;i;00;2] (M) ={m22 - m,^ + (5(M)}x+(M)C2 (M (°-) [-1]) , 

and 

-^i32;l;ll;0] (^'^) =("^22 - m-33 - l)(mi3 " mi2){m22 - "133), 
^[32;1;11;1] (A^^) = " (^22 " ms3)E{M) 

+ {77122 - m-33 + SiM) - l}x+(M)(mi3 - mi2)(m22 - m33), 

^i'32;l;ll;2] (^) = " {"^22 " ^33 + 6{M)}x+{M)E{M), 
-^[32;1;01;0] i^^) = ~ ("^22 " "l33 " l)(mi3 " TOi2)(m22 - ^33), 
^[32;l;01;l] (^) =("^22 - m33)F(M) 

- {m22 - + (5(M) - 2}x+\M){mi3 - mi2)(m22 - m33), 

^[32;l;01;2] (^) = " ("^22 - ^33 + 1)^2 (M)x+(M) 

+ {m22 - m33 + <5(M) - l}x^\M)F(M), 

^[32;l;01;3] (^) = " {"^22 - m33 + <5(M)}x« (M)C2(M)x+(M), 

-^[32;1;00;0] i^) = ~ ("^22 - ?^^33)('Tll3 - mi2)(mi3 - m22 + 1) - (^13 - mi2)(m22 - ^33), 
^[32;l;00;l] (^) =("^22 - ^33 + 1)C2(M) 

- {m22 - m33 + (5(M)}x+(M)(mi3 - mi2)(mi3 - m22 + 1) + F{M), 

^[32;l;00;2] (^) ={^22 - m33 + 5{M) + l}x+{M)C2{M) - C2(M)x+(M). 

We have 

42;l;ll;l] (^^) " ^i'32;l;ll;l] (^) 

= -("1-22 - "1-33) ("il3 - "i33 - "il2 + ^-22 + 5{M))x+{M) 

+ {^122 - m33 + (5(M)}x+(M)(mi3 - m-12 + l)(m22 - ^33) 
- {^22 - ^33 + 5{M) - l}x+(M)(mi3 - mi2)(m22 - ^33) 
= 0. 

Hence we obtain 432T II I] ~ ^[Z2-vivi] (^)- Here we use the relation 

(4.32) E (M = E{M) + (mi3 - 77133 - mi2 + 77722 + 5{M))x+{M). 
By the relation 

(4.33) E [M [-1]) x+(M) = E{M)x+iM), 
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we obtain 

42;l;ll;2] (^) = ^P2;l;ll;2] (^) " 

We have 

42;l;01;l] W " ^i'32;l;01;l] W 

= (m22 - m33){-(mi3 - mi2)(m22 - rnsa - l)x+^(M) 
+ (mi3 - mi2 + l)(m22 - ^33 + l)x+(M) + {S{M) - l)x+(M) 
- (m22 - 77133 + 5(M))x+{M){mi3 - mu + 1) 
+ (m22 - m33 + S{M) - 2)x^l\M){mi3 - mi2)} 

= (m22 - m33)(mi3 - mi2)((5(M) - l)(x^'(M) - x+(M)) 

= 0. 

Hence we obtain ^i^2-i oi i] ~ -^[32-i-oi-i] (-^)- Here we use the relation 

(4.34) F (M =F(M) - (mi3 - mi2)(m22 - m33 - 

+ {(mi3 - mi2 + l)(m22 - m33 + 1) + S{M) - l}x+(M). 

We have 

^[32;l;01;2] (-^) ~ -^i32;l;01;2] (^^) 

= {m22 - rn33 + S{M)){F (M (°-^) [-1]) x+(M) - F(M)x^^(M)) 

+ F{M)x^l\M) + (m22 - m33 + l)C2(M)x+(M) - (m22 - m33)C2 (M (°-i)) x^^'(^) 
= (m22 - m33 + <5(M)){(mi3 - m22 + l)x+{M) + C2{M)xI\M)} 

- {5{M) - l)C2{M)x+{M) + F{M)x%\M) - (m22 - 77133) C2 (M (°-i)) x^^(M) 

= (77722 - 77733 + (5(M)) (77713 - 77722 + 1)X+ (-^) 

- (77722 - 77733)(C2 (M (°-^)) - C2(M))x^'(M) + C72(M)x^' (^) + ^ WX+ W 

= X^'(M){C2(M) + (77713 - 777i2)(77722 - 77733) + (77713 - 77733 + 1)<5(M) + F{M)xI\M)} 

= 0. 

Hence we obtain ^j^2-i-oi-2] (-^) ~ -^[32-i-oi-2] (-^)- Here we use the relations 

(4.35) F [M (°-^) [-1]) x+(M) =F{M)x%\M) + (77713 - 77722 + l)x^'(^) 

+ C2{M){xl\M)-x+{M)), 

C2 {M ("-^)) xl\M) =(C2(M) + 77712 - 77122 + 1 - 5{M))x^I\M). 

We have 

^f32;l;01;3] (^) = " W - 7^733 + 5{M)}x+{M){mu - 77722)(77723 - 77722)x+ (^) 
=-^i32;l;01;3] (^) " 
Hence we obtain ^f32;i;01;3] (^) = ^[32;1;01;3] (^)- 

We have 

^[32;l;00;l] (-^) ~ -^i32;l;00;ll (^) 
= (77722 - 77733) (77712 - 77722 + 1 - (5(M))x+(M) - C2(M) 

- {77722 - 77733 + (5(M)}X+(M) (77713 " 77722 + 1) " F{M) 

= -C2(M) - X+(M){(77713 - 777i2)(77722 - 77733) + (77713 " 77733 + ^)5{M)} - F{M) 

= 0. 
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Hence we obtain ^j^32-i oo i] ~ '^[32-i oo i] (^-^)- Here we use the relation 
(4.36) C2 (M = C2{M) + (mi2 - m22 + 1 - <5(M))x+(M). 

We have 

^f32;l;00;2] (^) = -^[32;1;00;2] (^) • 

Hence we obtain ^f32;i;oo;2] (^^) = -^[32 ;i;00;2] (^^)- 

It is trivial that the equations KW) hold for (j, fc, /) = (1, 1,0), (0, 1, 0) and (0, 0, 0). 

□ 

4.2. Irreducible decompositions of V\ ®c V2ei and V\ ®c ^-263- For a vector space W , 
we denote by id^y the identity map of W . We denote A ± (cj + e^) (1 < i < j < 3) by 
A[=bij] for the sake of simplicity. Generically the tensor product Vx ®c ^2ei has six irreducible 
components: Vx[-|-.y], 1 < « < J < 3. Here some components may vanish. 

For 1 < i < J < 3, let iei+ej be a non-zero generator of Homx(yx[+jj] , V\ (8>c ^2ei); which is 
unique up to scalar multiple if Vx ®c V2ei has a non-zero r;^[4.jj]-isotypic component. 

Lemma 4.3. We define a linear map Pei : Vex ®c Vex ~^ ^2ei by 




Then Pei is a non-zero generator o/Hom/<(T4^ (8)c Vei, ^ei)- 

Proof. Since Ve^ 0c Vei — V2ei © Ve^+ej, in order to prove this lemma, it suffices to check 
Pei o ~ ^ ^^^^ -^ei ° itl agree with the identity map up to scalar multiple. To consider 
the case A = ei in Proposition 14.21 we obtain the explicit expressions of i^^ and in terms 
of the monomial basis as follows: 
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''e2 



f ( V' 



„ / 110 



) (g) / 



100 
10 

1 



,100 

/( \« 



00 




100 , 

] (g) 



„/ioo\ ^/ioo\^„/ioo\ 
/(io)-/(i^o)^/(oo) 



By direct computation, we can easily check Pgi ° itl = ~6idy2ej and Pei 



o z 



0. 



By a composition of the projectors in Lemma 14.31 and the injectors in Proposition 
obtain following formulas. 



□ 



we 



Proposition 4.4. For 1 < i < i < 3 and a G-pattern M of type X[+ij], the image of the 
monomial basis f{M) by the injector i^i+ej '■ ~^ ®c ^2ei is given by 



'[ij-M] 



■m 



0<fc<K2 I. m=0 



» , 2 00 



In the right hand side of the above formula, we put f{M') = if M' is a triangular array which 
does not satisfy the condition \3. 1\) of G-patterns. 

The explicit expressions of the coefficients are given by the following formulas. 
Formula 1: The coefficients of the injector i2e^ : ~^ <^c V2ei are given as follows: 

{r[ii;22] , r[n-i2] , r[n-ii] , r[n;02] , '^[iijOi] > '^[ii;00] ) = (2, 3, 2, 4, 3, 2) and 



-[11;22;0 
.A 

-[11;22;1 

-[11;22;2 

-[11;12;0 
.A 

-[11;12;1 
-[11;12;2 



.A 

-[11;12;3 

-[11;11;0 

ill;ll;l 

-[11;11;2 

-[11;02;0 
.A 

-[11;02;1 
-[11;02;2 



(M) =(mi3 - mi2)(mi3 - mi2 - l)(m22 - m^^){m22 - m.33 - 1), 
(M) = - 2(mi3 - mi2)(m22 - m33)(^(M) - Ci(M)), 
(M) =E{M){Ci{M) - l)(mi3 - 77133 - Ci(M)), 

(M) = - 2(mi3 - ■mi2)(mi3 - mi2 - l)(m22 - 7n33)(m22 - 77733 - 1), 

(M) =2(7ni3 - 77712)(77722 " 77733) [f (m ( "o'T ) ) + ^(M)} , 



(M) 



- 2|^(M)F (^M 

+ (77713 - 777i2)(m22 " 77733)Ci (M) (Ci (M) + , 



-10 
-1 

-1 



(M) =2(Ci(M) - l)Ci{M)E{M)x+{M), 

(M) = - 2{mi3 - mi2)(777i 3 - 777 1 2 " 1)(7772 2 " 777 33)(777 i3 - 77722 + 1), 

(M) =2(7ni3 - 77712) {(7^22 - m33)Ci(M)(Ci(M) + 1) + (77713 - m22)^(M)} , 
(M) = - 2^(M)(Ci(M) - l)Ci(M), 

(M) =(7r7i 3 - 777 i2)(r77i 3 - 777 1 2 " 1)(7772 2 " 777 33)(r7722 - 7r733 - 1), 

(M) = - (mi3 - 777 1 2) (7772 2 " 77733) [f{M) + F ( 

(M) =(777 1 3 - mi2 + 1) (777 22 " 77733 + l)C2(M)x+(M) 

+ (7^13 - 77112)(7772 2 " 77733)(Ci(M) + l)(Cl(M) + 1)x^I\M) 



+ F{M)F [M 



-100 
-1 




[11;02;3] 



(M) = - C2{M) [xl\M)F{M) + x+{M)F (m ( '-f )) } 



tll;02;4] (^) =C2(M)(Cl(M) - l)(Cl(M) - l)x^'(M), 

ill;01;0] (^) =2("7l3 " 777 i2)(777i 3 - 777 i2 - l)(7n22 - 77733)(777i 3 - 777 22 + 1), 
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=fii;Oi;i] i^) = - 2("^i3 - mu) {(^13 - m22)F{M) +(m22 - m33)C2 (m ( "o'-°i°)) } , 
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(M) =2{c2(Af (^o'))f(M) 

+X+(M)(mi3 - mi2 + l)(mi3 - "122 - 1)C2(M)} , 
cfii;oi;3] (M) = - 2C2(M)(Ci(M) - l)(Ci(M) - l)x+(M), 

(M) =(mi3 - mi2)(mi3 - mn - l)(mi3 - TO22 + l)(mi3 - ■^22), 
- 2(mi3 - mi2)(mi3 - m22)C2(M), 



Formula 2: T/ie coefficients of the injector igej • ^A[+22] ~^ V\ ^201 (""e given as follows: 
(n22;22],n22;i2]>n22;ii],n22;02],n22;0i]>n22;00]) = (2,2,2,2,2,2) and 



C[ll;01;3] 


(M) 


C[11;00;0] 


(M) 


C[11;00;1] 


(M) 


C[ll;00;2] 


(M) 



''[22;22;0] 
„A 

''[22;22;1] 

''[22;22;2] 

''[22;12;0] 
A 

[22;12;1] 
^A 

^[22;12;2] 

[22;11;0] 
^A 

C[22;ll;l] 

C[22;ll;2] 

''[22;02;0] 

''[22;02;1] 
„A 

''[22;02;2] 
„A 

''[22;01;0] 

C[22;01;l] 

<^j22;01;2] ("^ 

'^[22;00;0] 
A 



C'l 



[22;00;1] 
A 

[22;00;2] 



(M 
(M 
(M 

(M 
(M 
(M 
(M 
(M 
(M 
(M 
(M 
(M 
(M 
(M 
(M 
(M 
(M 
(M 



=(m22 - m33)(m22 - ^33 - 1), 

= - (m22 - m33){D{M)x-{M) + {D{M) + 2)x^1\M)}, 

=D{M){D{M) + l)x^l\M), 

= - 2(m22 - m33)(m22 - ^33 - 1), 

=2(m22 - m33){Ci(M) + {D{M) + l)x-(M)}, 

= -2C,{M)D{M)x-{M), 

= - 2(m22 - m33)(m23 - W.22), 

=2{D(M)(m23 - m22 - l)x-(M) - (m22 - m33)(Ci(M) + l)x^'(M)}, 
=2CiiM)DiM)x'l\M), 

= (m22 - m33)(m22 - m33 - 1), 

= -2(m22-m33)Ci(M), 
=Ci(M)(Ci(M)-l), 
=2(m22 - m33)(m23 - m22), 

=2Ci(M){(m22 - m33)x-(-^) - (^23 - ^22 - 1)}, 
= -2(7i(M)((7i(M)-l)x-(M), 

= (^23 - m22)(m23 - m22 - 1), 

=(7i(M){(m23 - m22 - 2)x-(M) + (m23 - m22)X- (M)}, 

=Ci{M){CiiM)-l)x'lHM). 



Formula 3: The coefficients of the injector ^2^3 : V^[_|_33] — > Vx CS>c ^ei d'^^ given as follows: 

(n33;22],n33;12])^[33;ll],'^[33;02],?'[33;01]>?'[33;00l) = (0,1,0,2,1,0) and 



i33;22;0] (^) 



C 



-[33;12 
.A 

-'[33;02;0] 



1] (M) = -2x+(M), 
^(M)=l, 
43;02;2] (M) =X?(M), 
C[33;0i;i] (M)=-2x+(M), 



A 

[33;12;0] 
„A 



(M) 



'^[33;ll;0] (^) "2, 
C[33;02;l] (^) =x'1\M) + X+{M) , 
(M) = - 2, 

(M) =1. 



''[33;01;0] 
''[33;00;0] 
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Formula 4: The coefficients of the injector ^ei+e2 • ^A[+i2] ~^ ^\ ®c ^ei o,f^ given as follows 

('^[12;22],ni2;12])^[12;ll],ni2;02],'^[12;01],'^[12;00]) = (2,2,2,3,2,2) and 

(mi3 - mi2)(m22 - ^33) (77122 - "133 - 1), 

- (m22 - m33) {E{M) + x-(M)(mi3 - mi2){D{M) + 1)} , 
DiM)E{M)x-{M), 

- 2(mi3 - "ii2)(m22 - m33)(m22 - ^33 - 1), 
(77122 - ^33) {E{M) + F{M) 

+(77713 - mi2) {Ci(M) + 1 + D{M){1 - x+(M))}} , 

- Ci{M)E{M) - C2(M) (1 - D{M) + 5{M)x+{M)) , 
(77713 - rni2){m22 - mz^){2m22 - mi2, - 77723 - 2), 
E{M){m23 - m22) + C2(M) (77722 - ^33 + 1) 

+ (77113 - mi2)x-(M) {D{M){mi3 - m22 + 1) - (m22 - r7733)((5i(M) + 1)} , 
C2(M)x-(M)(mi3 - m33 + 2 - Ci{M) - D{M)), 
(77713 - mi2){m22 - m3s){m22 - mss - 1), 

- (m22 - m33) {F{M) + (77713 - mi2)(Ci(M) + x+(M))} , 
((7i(M) + x+{M) - l)F(M) + (77122 - m33 + l)C2(M)x+(M), 
-C2(M)(Ci(M)-l)x+(M), 

- (77713 - ^12) (77722 - ^,33) (27(722 - ?^^13 - ^-23 " 2), 
(77713 - mi2)Ci{M) {(77722 - m33)(l - X+(M)) - (777i3 - 77722 + 1)} 

- (r7723 - m22)F{M) - (77722 - ^33 + 1)C2(M), 

2C2(M)(Ci(M)-l), 
(77713 - rni2){miz - 77722 + 1)('T723 - ^"■22), 

(77713 - rni2){miz - 17122 + ^)Ci{M)x-iM) - (77723 - '"^22 - 1)C2(M), 
-C2(M)((7i(M)-l)x-(M). 

Formula 5: T/ie coefficients of the injector iei+es • ^A[+i3] ~^ V2ei are given as follows: 

(ni3;22],ni3;i2]>ni3;ii]'ni3;02]>ni3;0i]'ni3;00]) = (1,2,1,3,2,1) and 

cfl3;22;0] (^) =("^13 " ^12)(m22 - "733), 

C[13;22;l] {M)=-E{M), 

cfl3;12;0] (^) = ~ 2(mi3 - 777 i2)(77722 - "133), 

cfl3;12;l] (^) =^(M) + F{M) - (77113 " mi2)(77722 " r7733)X+(M), 

Cfl3;12;2] (M) =(^(M) - C2(M))x+(M), 

cfl3;ll;0] (^^) =("^13 - "1-12) (2m22 - "713 " ^33 - 1), 

C[13;ll;l] (M) =C2{M)-E{M), 

cfl3;02;0] (^) =("^13 " ?«12)(m22 - ^33), 

cfl3;02;l] (^) =("^13 " "Il2)(m22 - r7733)x^H^) " ^(^), 



C[12;22;0] (M) = 

C[12;22;l] (M) = 

C[12;22;2] (^) = 

C[12;12;0] (^) = 

Cfl2;12;l] (^) = 

C[12;12;2] (^) = 

C[12;ll;0] (^) = 

Cfl2;ll;l] (^) = 

cfi2;ll;2] (M) = 

C[12;02;0] i^) = 

C[12;02;l] (^) = 

Cfl2;02;2] (M) = 

<^fl2;02;3] (^) = 

C[12;01;0] (^) = 

C[12;01;l] (^) = 

Cfl2;01;2] (^) = 

C[12;00;0] (^) = 

cfl2;00;l] (^) = 

C[12;00;2] (M) = 
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Cfl3;02;2] (^) =C2{M)x+{M) - F{M)x%\M), 
C[13;02;3] m =C2{M)x'l\M), 

<^fl3;01;0] (-^) = ~ ("^13 - mi2)(2m22 - ^13 - 7/123 - 1), 

cfi3;0i;i] W =F{M) - C2{M) + (mi3 - mi2)(mi3 - m22 + 1)X+(M), 

C[13;01;2] (M) = - 2C2(M)x+(M), 



.A 

-'[13;00;0] 
.A 

-'[13;00;1] 



.Qi (M) = - (mi3 - mi2)(mi3 - m22 + 1), 
(M) =C2(M). 



Formula 6: The coefficients of the injector ie,2+ei ■ ^A[+23] ~^ ®c o,f^ given as follows: 

(n23;22],n23;12],n23;ll]'n23;02],n23;01],n23;00]) = (1,1,1,2,1,1) and 



■'[23;22;0] 



.(), (M) =77122 - m33. 



Cf23;22;l] (M) = - L>(M)X- (M), 



cf23;i2;0] (M) = - 2(m22 - mss), cf23.i2;i] (M) =(7i(M) - (77722 - mas) + 5(M)x-(M), 

cf23;ll;0] (M) =277722 " ^23 " ^33, cf^^;!!:!] (M) = " (Cl(Af) + D(M))X-(M), 



.A 

-[23;02;0] 
.A 



(M) =77722 - "733, 



[23;02;2] (M) = - Ci{M)x+{M), 
C[23;01;l] (^) =2C'l(M), 
C[23;00;l] (M) = - C,{M)X-{M). 

Proof. For 1 < 7 < j < 3, let i^^ 
homomorphisms 

.A+e, 



„A 

'^[23;02;1] 

cf23;01;0] (^) = " (2'^22 " "723 " "^33), 
.A 

'[23;00;0] 



(M) = - {Ci{M) - (777 22 - 77733)X+(M)}, 



43;00;01 (^) = " ("^23 - "^22), 



A[+ii] 



®C ^2ei be the composite of three K- 



A[+ij] 



ie^ 0C idvi^ : ^A+e, ^ ^A V^ii V'ei 

idv3, ^'C^'ei : ®C ®C ^ Vx ®C ^2ei- 

Then igi+ej element of Homi^(V3^[_|_jj], TA^ (8)c V2ei)- ^7 direct computation, we confirm 

that igi+e^ is non-zero and obtain the explicit expression of this K-homomorphism. 

i^,+e,(/(^)) = (idy. ®cPeJ o {i% ®c idy^J o <+"^(/(M)) 



'■[i;fc!] 



= E E (A^) (idy. ^ScPe, ) o {ll^ ®C idVe, ) (/ ( ) [-777]) ® / ( ^c,' ' 

0<fe<Z<l m=0 

r[,-,kl\ r ^■[j;p,,] 

= E E4«hW E E ( 5 ) t--0 

0<fc<Z<lm=0 lo<p<g<l r=0 

x/(^(»S)l-— l)W..(/C.;)«/(T)) 



= E 



0<s<t<2 



[ir,st\ 



u=0 



38 TADASHI MIYAZAKI 

where 

instM (^) = E E i^M (^) ( 9 ) [-^0 ' 

0<P<9<1, 0<m<r[i.j.;], 
0<A;<Z<1, 0<r<ry.pg]. 
p+k=s, q+l=t rn+r=u 

and 

-R[ij>t] = max {r^i-ki] + ry-pg] \ < k <l <1, < p < q < 1, p + k = s, q + l = t}. 

Now we simplify each coefficients by direct computation. 
First, we compute the case of formula 1. 

• the case {s,t) = (2,2). 
We have 

cfii;22;0] (M) = cfi.n;o] (M) cfi.n;o] {m ( )) 

= (mis - mi2)(m22 - m33)(mi3 - mu - l)(m22 - ^33 - 1), 

C[ii;22;i] (M) = cfi.n;o] (M) cl,.u;i] {m ( )) + cf,.^,,;!] (^) cfi;ii;0] ( ) [-1], 

= -{rnis - mi2)(m22 - m33)£' ^ )) - E{M){mi3 - mi2){m22 - mzz) 
= -2(mi3 - mi2)(m22 - m33)(^(M) - Ci(M)), 

C[ll;22;2] (^) = Cfl;n;l] (M) Cfi;n;l] (^^ ( ) ["^O 

= E{M)E ( "o'y ) [-1]) 

= E{M){Ci{M) - l)(mi3 - ^33 - (5i(M)). 
Here we use the relations: 

(4.37) e(m(^ "o'-7 E{M) - 2Ci (M), 

(4.38) Ci (m 7, -V' ) ) = Ci (M) , Ci (m ( 7, ) ) = Ci ( Af ) + 1 , 

(4.39) Ci (M[-l]) = Ci(M) - 1, (5i (M[-l]) = Ci(M) - 1. 

• the case (s, i) = (1, 2). 
We have 

C[ii;i2;0] (^) = cfi;ii;o] m cfi^oi^o] (m ( V-? ) ) + cf^^oi^o, (M) cfi^i^^o, (m ( )) 
= -2(mi3 - mi2)(m22 - m33)(mi3 - mi2 - l)(m22 - ^,33 - 1), 

Cfll;12;l] (^) = C[l;ll;0] (^) cfl;01;l] ( )) + cfl;01;l] (M) cf^.^^.o] (m ( ) [-1]) 

+ cfl;01;0] Wcfl;ll;l] ( ) ) + 4"; 1] ^ 4oi;0] ) [-1]) 

= (mi3 - mi2)(m22 - ^33)^ ( M ( o-7 ) ) + F(M)(mi3 - 'rwi2)(m,22 - ^,33) 



+ ("Zi3 - rni2){m22 - m^z)E {^M ^ )) + £'(M)(mi3 - rni2){m22 - ^33) 
= 2(mi3 - "^I2)(m22 - m33) (^F 7,-V' + ^(Af)) , 

4i;i2;2] (^) = cfi;n;i] (M) cf,.,,.,^ (m ( 7);.? ) [-1]) + cj^.o,.,] (Af) cj\.,,.,] {m ( "oT ) [-1]) 
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^l;ll;0] (M) cfi.oi;2] {m ( "0^1° ) ) + cf^.Q,.^^ (M) cf^.^^.o] (m ( ) [-2]) 

-E{M)F (m ( ) [-1]) - F{M)E (Af ( ) [-1]) 
(mi3 - mi2)(m22 - m33)C2 (^M ^ )) X+ (^M o^i j j 



2^(M)F (m ( ') [-1] ) - (mis - mi2)(m22 - ms3)Ci{M)x+{M) 



C2(M)x+(M)(mi3 - mi2 + l)(m22 - m33 + 1) 

( 

+ C2(M)x+(M)(mi3 - 77233 + 1 " "1-12 + "222) 

- (mi3 - mi2)(m22 - 7^33)^1 (M)(Ci(M) + l)x+(M) 

- C2(M)x+(M)(mi3 - mi2 + l)(m22 - m33 + 1) 

= -2|^(M)f(m(-o;-? )[-!]) 



Ci 



+ (mi3 - mi2)(m22 - 77133)^1 (M)(Ci(M) + l)x+(M) j, 

•[ll;12;3] (^) = ^fl;!!;!] (^) 4;01;2] ( "V ) ^-^0 + ^[1;01;2] i^) C^,,U;1] ( ) [-2]) 

= EiM)C, (m ( ) [-1]) x+ (m ( 0^ ) [-1]) 

+ C2iM)x+{M)E (m(VT)[-2]) 
= 2(Ci(M) - l)(7i(M)^(M)x+(M). 
Here we use the relations: 

(4.40) F {m ( "o"i° ) ) - F(M) = ^ ( "o'T ) ) - ^(M) , 

(4.41) F(M)e(m(-o^T )[-!]) 

= E{M)F (m ( 7,^T ) [-1]) + (mi3 - mi2)(m22 - 7^3)0 i{M)x+{M) 

- C2(M)x+(M) (77713 - 'm.33 + 1 - "1-12 + "1-22), 

(4.42) C2 (m ( -o;-7 )) x+ (m ( -o;-;i° )) = Ci(M)(Ci(M) + 1)x+(M), 

(4.43) C2 (m f -o^^i" ) [-1]) x+ (m f -o^;^i" ) [-1]) = (Ci(M) - 1)Ci(M)x+(M), 



(4.44) C2(M)x+(M)^ (m ( 'o-J ) [-2]) = (Ci(M) - l)(7i(M)^(M)x+(M). 



• the case (s, i) = (1, 1). 
We have 



Ci 



[ll;ll;0] m = C[l;ll;0] (^) cfl;00;0] ( ) ) + 4;00;0] (^) cfl;ll;0] ("o^O°)) 

= -("713 - "1-12) ("722 - m33)(7ni3 - r?7i2 - l)(7?7i3 - 77122 + 1) 
- (r?7i3 - r77i2)(mi3 - 77722 + l)("^13 - "1-12 - 1)("^22 - "^33) 
= -2(r7Zi3 - 77Zi2)(777i 3 - 777 i2 - l)(77l22 " "l33)(777 i3 - 77722 + 1), 



[ll;ll;l] (^) = cfl;ll;0] {M) cfi.oo;i] (m ( "o;.? )) + c\,.^^.,^ (M) c\,.,,.^^ (m ("0^) [-1]) 
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+ C[i;00;0] (^) (m ("or)) + cfi.ii.y (M) (m ( -o^i ) [-1] 

= (mi3 - mi2)(m22 - r?T,33)C2 (m ( ^'-^ )) 

+ C'2(M)(mi3 - mi2)(m22 - ^33 + 1) 

+ (mi3 - mi2)(mi3 - m22 + 1)E (m ( or)) 

+ E{M){mi3 - mi2)(mi3 - 771-22) 
= (mi3 - mi2){(m22 - m33)Ci{M){Ci{M) + 1) + C2(M)(m22 - ^33 + 1) 

+ (mi3 - m22 + 1)(^(M) - Ci{M)) + E{M){mi3 - ^22)} 
= (mi3 - mi2){2(m22 - 77133)^1 (M)(Ci(M) + 1) 

+ 2(mi3 - m22)E{M) + ^(M) - Ci(M)(?7ii3 - 77133 + 1 - C^iW)} 

= 2(7T7i3 - 77712)1(77722 " 777 33)Ci (M) (Ci (M) + 1) + (77713 " m22)^(M)}, 

C[ii;ii;2] (M) = cfi^n^i] (M) cfi^oo^y (m ( "o^T ) [-1]) + cfi^oo^y (M) cf.^^i^i] (m 

= -E{M)C2 (m ( ) [-1]) - C2{M)E (m ("or) [-1] 
= -2E{M){Ci{M) - l)Ci(M). 
Here we use the relations: 
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(4.45) E [M (^"oo j j = ^(M) - Ci{M), 

(4.46) C2{M)E (m ("r") [-1]) = (Ci(M) - l)Ci(M)E{M), 
(fCTD and (|i39l) . 



• the case {s,t) = (0,2). 
We have 



C[ii;02;0] (^) = cfi;oi;0] (^) C[i;Oi;0] (^'^ ( v' )) 



= (77713 - "7i2)(77l22 - 'm33)(777i3 - 777i2 - l)(7n22 - "733 - 1), 

C[ii;02;i] (^) = cfi;oi;0] (^^) C[i;Oi;i] ( 'V )) + ^fi;Oi;i] ^fi;Oi;0] (^^ ( "V ) I"!]) 

= -(777 1 3 - mi2)(7772 2 - m33) [f (m ( "o'T )) + F(M)) , 

C[ii;02;2] (^) = cfi;oi;o] (^) C[i;0i;2] ( V° )) + "^[i^oi^^l "^^oi^il ( V 



(77713 - "7i2)(77l22 - r7733)C2 (m ( " '-"1" ) ) X+ (^'^ ( " r^ ) ) 



+ F(M)F (^M "0-1 j + C2(M)x+(M)(7ni3 - 77712 + l)(m22 - ^33 + 1) 

= (7^13 - 77712 + l)(m22 " ^33 + l)C2{M)x+{M) 

+ (mi3 - 77712) (7772 2 - 77733) (Ci(M) + l)(Ci(M) + l)xl\M) 



F(M)f(m(-o7)[-1] 
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[ii;02;3] (^) = cfi;Oi;i] (^) C[i;0i;2] {m ( v" ) [-1]) + cfi^oi;2] (^) cfi;Oi;i] ( 'V ) [-2]) 



= -FiM)C2 [M [ -o-\ j x+ ^ -0-1 j [-1] 

-C2(M)x+(M)f(m(-o^T)[-2]) 
= -C2(M) (^x'l\M)FiM)+x+iM)F (m ( ) [-2])) , 

cfn;02;4] (^) = 4;0i;2] (^) 4;0i;2] (^^ ( "V ) [-2]) 

= C2iM)x+{M)C2 (m ( ~o^T ) [-2]) x+ (m ( ) [-2]) 
= C2(M)(Ci(M) - l)(Ci(M) - l)x^^H^)- 

Here we use the equations: 

(4.47) C2 (m ( )) x+ (m ( 7,^^i° )) = (Ci(M) + l)((7i(M) + 1)4^ (M), 

(pTT) and (fCTD . 

• the case = (0,1). 
We have 

C[ii;Oi;0] (M) = 4;0i;0] (^) 4;00;0] (^^ ( 'V )) + 4;00;0] (A^) cfi;Oi;0] (^^ C°o°°)) 
= (mi3 - mi2)(m22 - m33)(?Tii3 - mi2 - l)(mi3 - ^22 + 1) 

+ (mi3 - mi2)(mi3 - ^22 + l)(mi3 - mi2 - l)(m22 - ^33) 
= 2(mi3 - mi2)(mi3 - niu - l)(m22 - m33)(mi3 - 77122 + 1), 

(M) = cfi.oi-o] (M) cfi.oo;!] (m ( T,^T )) + cf,.oo;i] (M) cf^.Q^.Q] (m ("0^) [-1] 

= -(mi3 - mi2)(m22 - m33)C2 (^M )) 

- C2(M)(mi3 - mi2)(m22 - "133 + 1) 

- ("il3 - "112) (mi3 - 77222 + 1)-F^ (^M ^ O^S"^ 

- F(M)(mi3 - "7i2)("ii3 - 77122) 
= -("lis - "^12)|("^'22 - "133)^2 (^M )) + C2(M)(r7722 - ^33 + 1 

+ ("113 - "122 + 1){F{M) + (m22 - ^33 + 6{M))x+{M)} 

+ F(M)(mi3 -77722)} 
= -("113 - "Il2)|("l22 - "133)(C'2 (^M ^^^^^^ 



[11;01;1] 



+ C2(M) + (mi2 - 77722 + 1 - (5(M))x+(M)j + 2(77713 - m22)F(M) + F{M) 

+ C2(M) + x+(M){(mi3 - rrii2)("722 - mss) + (mi3 - "733 + 1)5(M)}} 

= -2(77713 - mi2){(m22 - "l33)'^2 (m ~o'-T ) ) + (77113 - m22)i^(M)}, 
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[ii;0i;2] (M) = cfi^oi;!] (^) 4;00;i] ( 'V ) ["^0 + "[i;00;i] (^) 4;0i;i] CT) 

+ C[l;01;2] (^) C[l;00;0] {m ( Vi"!" ) [-2]) + cfi.oo;0] (M) (a/ (^0^)) 

= F(M)C2 (m ( ) [-1]) + C2(M)F (m (^o^) [-1]) 
+ C2(M)x+(M)(mi3 - mi2 + l)(mi3 - m22 - 1) 
+ (mi3 - mi2)(mi3 - m22 + 1)C2 (^M 0^0°^^ x+ (^M 00°^^ 
= F(M)C2(m(t,^^V' )[-!]) 

+ C2(M){F(M) + mi2 - m22 - 1 + S{M) - x+{M){mn - mu + 5(M))} 
+ C2(M)x+(M){(mi3 - mi2 + l)(mi3 - 77222 - 1) 
+ (mi3 - mi2)(mi3 - 77122 + 1)} 

= 2F{M)C2 (m ( T/T) [-1]) - (mi2 - m22 - 1 + <5(M))C2(M)(1 - x+(M)) 

+ C2(M){mi2 - 77122 - 1 + S{M) - X+(M)(777 i3 - 777i2 + S{M))} 
+ C2(M)x+(M){(777i3 - 77712 + l)(mi3 " "^22 - 1) 
+ (77713 - mi2){mi3 - 777,22 + 1)} 

= 2{F(M)C2(m(-o^T )[-!]) 
+ C72(M)x+(M)(mi3 - 77712 + l)(mi3 - "122 - 1)}, 
[ii;0i;3] (M) = (M) cf,.^,.^^ {m (^Vf) [-1]) + c\^.^^.^^ (M) cfi.oo;i] (m ( ~o'^/' ) [-2]) 

= -C2{M)C2 (m ) [-1]) x+ (m ) [-1]) 

-C2(M)x+(M)C2(m(-o^;i°)[-2]) 
= -2C2(M)(Ci(M) - l)(Ci(M) - l)x+(M). 
Here we use the relations: 

(4.48) F [m ("of )) = F{M) + (77722 - m33 + 5{M))x+{M), 

(4.49) C2 (m ( "o'T ) ) = C72(M) + (77712 - 77722 + 1 - 5{M))x+{M), 

= {Ci{M) + x+(M))(Ci(M) + x+(M)), 

(4.50) Ca (M("or)) =C2(M), 

(4.51) F [aI ("7")) = i^(M) + 77712 - 77722 - 1 + ^[M) 

-X+(M)(777 1 3 - 7T7i2 + 5(M)), 

(4.52) C2 (m ( "o'f ) [-1]) = C2(M) - (77712 - 7772 2 - 1 + KM)){1 - X+(M)), 

(4.53) F{M){1 - x+{M)) = -C2(M)(1 - x+(M)), 
and (09D . 

• the case (s,t) = (0,0). 
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We have 

C[ii;oo;0] (M) = (M) (m ("o^')) 

= (mi3 - mi2)(mi3 - 77122 + l){rni3 - "ii2 - 1)("T'13 - "122), 

C[11;00;1] (^) = C[1;00;0] (^^) C[1;00;1] ("o^S")) + cf^.oo;!] (M) cfi.oo;0] (m (^02°) [-1]) 

= -("T-is - mi2)(mi3 - m22 + 1)C2 (^Af or^^ 

- C2(M)(mi3 - mi2)(mi3 - m22 - 1) 
= -2(mi3 - mi2)imi3 - m22)C2{M), 

C[ll;00;2] (M) = +cfi;00;l] (^) C[1;00;1] ("or) [-1]) 

= C2(M)C2(m ("c]^0°) [-1]) 

= C2{M){Ci{M) - l)(Ci(M) - 1). 
Here we use the relations (|4.39p and (|4.50p . 

Next, we compute the case of formula 2. 

• the case {s,t) = (2,2). 
We have 

cf22;22;0] (^^) ='^[2M;0] (^) cf2;ll;0] ( ) ) " ^"^^^ ~ "l33)("^22 " ^33 - 1), 

C[22;22;l] (M) =4;n;0] (^) ^W] (^^ ( ^ '-"lO ) ^ "^P^ll^l] ^^P^H^O] ( ''^ ) ["^0 

= - (m22 - m33)5 (m ( V-ji" X- (m ( VA° - D(M)x-(M)(m22 - m33) 
= - (m22 - ms3){D{M)x-{M) + {D{M) + 2)x^1\M)}, 

C[22;22;2] (M) =cf2;n;l] (M) cf^.,,;!] (m ( V-Y' ) [-1]) 

=D{M)x^{M)D (a/ ( V-Y' ) [-1]) X- {m ( V-\" ) [-1]) 

=D{M){D{M) + l)x^'(M). 
Here we use the relations 

(4.54) D (^M ( V-ji" ) ) = D(Af ) + 2, 

dO]) . and (li:62D . 

• the case (s, i) = (1, 2). 

We have 

42;i2;0] (M) =cf2,n;0] (^) 4;0i;0] ( V-? )) + cf2.o,.o] (M) cf^.ii.o] (Af ( V-V )) 
= - (m22 - 'm33)(m22 - "133 - 1) - (m22 - m33))(m22 - m33 - 1) 
= - 2(m22 - ?7T.33)(m22 - "133 - 1), 

cf22;i2;i] (M) =cf2,n;0] (M) cf^.^i;!] {m ("o?/ )) + 4;0i;i] W 4;ii;0] (^^ ( V°) [-1]) 

+ cf2;0i;0] (M) cf2^i,^i] (a// ( VA° )) + cf^^.i^y (M) cf^^o^^oj (a^ ( V-\" ) [-1]) 
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= (m22 - m33)Ci ( VA" + Ci(M)(m22 - ^33) 

+ (^22 - m33)^ (m ( "o-V X- (m ( "0^" )) + D{M)x-{M){m22 - 77133) 
=2(m22 - m33){Ci(M) + p(M) + l)x-(M)}, 

C[22;i2;2] (^) =4;ii;i] W 4;0i;i] (^^ ( ["^0 + 4;0i;i] (^)c[2;ii;i] (^^ ( V° ) [-^O 

= - D{M)x-{M)Ci (m ( V-V ) [-1]' 



= - 2Ci{M)D{M)x-{M). 
Here we use the relations 

(4.55) D ( ) ) = ^(M) + 1, 

(4.56) Ci (^M V-Y' ) ) = Ci (M) + c/ii_ (M) , 

(4.57) (7i (m ( V-\° ) [-1]) x-(M) = Ci(M)x-(M), 
(USD and (imi) . 

• the case {s, t) = (1, 1). 

We have 

C[22;ii;0] (^) =C[2;ii;0] (^)4;00;0] (^^ + 4;00;0] (^) C[2;ii;0] C?")) 

= - (m22 - rn.33)(m23 - m22) - (m23 - m22){m22 - rn.33) 
= - 2(m22 - ?n33)(m23 - 77122), 

42;ii;i] (^) =4;ii;0] (^)4;00;i] (^^ + 4;00;1] (^) C[2;11;0] C?") 

+ cf2;ii;i] (^■^) 4;00;0] ( ) ["1]) + 4;00;0] i^) cf2;n;i] {m ("o^)) 

= - (m22 - 77133 )Ci (m ( V-\" )) X- ( ""5° )) 

- Ci(M)x-(M)(m22 - 77133 + 1) + D{M)x-{M){m23 - 77722 - 1) 

+ (m23 - 77122)5 (m ("7")) X- C°r)) 
= - (m22 - 77733)(77li2 - 77lii + I)x'l'(M) - (rr7i2 - 77T.ii )X- (M) (77122 " 77733 + 1) 

+ (-77122 + 77733 + ^(M))X- (^-^)(77723 " 77722 " 1) 

+ (7772 3 - 7772 2) (-7772 2 + 77733 + S^M) + l)x^' (M) 
= - 2(77722 - 77733)(r77i2 - 777ll + 1)X-\M) 

+ 2(-r7722 + 7^33 +<^(M))X-(M) (777 23 - 7772 2 - 1) 

+ (77723 - 77733)(5(M) + 1){x^1\M) - X-(M)) 
=2{L»(M) (77723 - 7^22 - l)X-(M) " (77722 - 77733)(Cl(M) + l)x^'(M)}, 

C[22;ii;2] (M) =cf2.ii.i] (M) cf2.oo;i] ( VA°) [-1]) +cf2.oo;i] (M)cf2.ii.i] (m ("00°) [-1]) 



--DiM)x-iM)Ci (M ( VA") [-1]) X- (m ( V-\" ) [-1] 
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+ C^{M)x-{M)D (m (°or) [-1]) X- (m (°or) [-1]) 

=DiM){mu - mn)x''\M) + Ci{M)D{M)x^l\M) 
=2Ci(M)L>(M)x^'(M). 
Here we use the relations 

(4.58) D ("7")) = D{M) + 1, 

(sai), (Bsi), dm, ^M, and (iron . 

• the case {s,t) = (0,2). 
We have 

42;02;0] (M) =cf2^oi^o] (M) cf^^o^^o, (m ( V-\° )) 

= (m22 - rn.33)(m22 - ^33 - 1) 
42;02;i] (M) =cf2^oi^o] (M) cf^^o^^y (m ( )) + cf^^o^^,, (M) cf,.^,,.,^ (m ( "o^^" ) [-1]) 

= - (m22 - m33)Ci (^M )) - Ci{M){m22 - "233) 

= -2(m22-m33)(5i(M), 

42;02;2] (M) =cf2;0l;l] (M) cf^^o^^y (m ( ) [-1]) 

=Ci(M)(7i(m(V-\° )[-!]) 

=Ci(M)(Ci(M)-l). 
Here we use the relations 

(4.59) Ci (a/ ( VA" ) ) = Ci (M) , 
and (09]) . 

• the case {s,t) = (0,1). 
We have 

42;01;0] (M) =cf2;01;0] (^) cf2;00;0] ( ) ) + "[2;00;0] (M) cf^.ovfi] ") ) 

= ("122 - ?7l33)(W'23 " '"T'22) + (^23 - m22)(rn,22 - ^33) 
=2(m22 - ?n33)("^23 - "122), 

42;01;1] (M) =cf2.oi.o] (M) cf2.oo;i] (m ( ' O^-V ) ) + cf^.QO;!] (M) cf^.Q^.o] (m ("or) [-1]) 

+ 4;0i;i] (^) 4;00;0] ( v" ) ["^0 + 4;00;0] (^^) C[2;0i;i] (^^ C?")) 
=(m22 - m33)(7i (m ( V-\" )) X- (m ( V-\" + Ci(M)x-(M)(m22 - ^33 - 

- Ci(M)(m23 - m22 - 1) - ("^23 - rn22)Ci (m 

=(m22 - m33)(7i(M)x-(M) + Ci{M)x^{M){m22 - ^33 + 1) 

- Ci(M)(m23 - m22 - 1) - (m23 - m22)(Ci(M) - x+'\M)) 
=2(m22 -m33)Ci(M)x-(M) 

- 2(m23 - m22)Ci(M) + Ci(M)(l + X-(M) + x+'\M)) 
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=2(7i(M){(m22 - m33)x~(M) - (mas - - 1)}, 
C[22;0i;2] (^) =C[2;00;i] i^) cf2;0i;i] (" 7'") ["1]) + 4;0i;i] (^) 4;00;i] (^^ ( ) I"!]) 
= -(7i(M)x-(M)Ci(m (^0°) [-1]) 

-C7,(M)(7,(m("o-V')[-1])x_ (^( v)[-^0 
= - (7i(M)x-(M)(Ci(M) - xV"' W - 1) - Ci(M)(Ci(M) - l)x-(M) 
= -2(7i(M)(Ci(M)-l)x-(M). 

Here we use the equations 

(4.60) Ci (m ('Vr)) = (7i(M) - x'+'\M), 

(SSI), (Smi), (USD, mB, ISM and (ICTD . 

• the case {s,t) = (0,0). 
We have 

42;00;0] (M) =cf2;00;0] (^) C[2;00;0] 

=(m23 - m22))(?n23 - m22 - 1) 

42;00;1] (M) =cf2,00;0] (^) C[2;00;l] (^^ (" ) + 4;00;1] (^^) 4;00;0] (^'^ 7 I"!]) 

=(m23 - ^22)^1 (m ("7")) X- [m ("7")) + Ci(M)x-(M)(m23 - ^22 - 2) 
=Ci(M){(m23 - m22 - 2)x-(M) + (77123 - m22)X- (M)}, 
C[22;00;2] (^) =4;00;1] (^) C[2;00;l] ("0^0") [-1]) 

=C,{M)xAM)C, (m (°or) [-1]) X- (m (°or) [-1]) 
=Ci(M)(Ci(M)-l)x^'(M). 
Here we use the relations (gS]), (HTTUD . and (HTUnjl . 

Next, we compute the case of formula 3. 

• the case {s,t) = (2,2). 
We have 

43;22;0] (M) =cf3^ii^o] (M) cf,.,,.,^ (m ( )) = 1. 



• the case (s, t) = (1, 2). 

We have 

43;i2;0] (M) =cf3.n;o] (M) cf3;0i;0] ( )) + 4;0i;0] (^) 4;ii;0] (^^ ( 'V )) 
= -1-1 = -2, 

43;i2;il (M) =cf3^ii^o] (M) cf3^oi^i] (m ( TV ) ) + cf3^oi^,] (M) cf3^,i^o] (m ( ) [-1]) 
= - X+ (m ( Tl' )) - x+(M) = -2x+(M). 
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Here we use the relation ()4.5p . 

• the case {s, t) = (1, 1). 

We have 

C[33;ii;0] (M) =cf,.^,,.^,] (M) cf3^oo;0] {m ( 'o^/)) + 4,oo;0] (M) cf3^n;0] {m ("o/)) 
=1 + 1 = 2. 

• the case {s,t) = (0,2). 
We have 

C[33;02;0] (^) =C[3;01;0] (M) cf3^oi;0] ( " V ) ) = 

C[33;02;i] (M) =cf3^oi;0] (^) 4;0i;i] ( " V ) ) + 4;0i;i] (^) 4;0i;0] (^^ ( °V ) ["^0 
=X+ (m ( + x+(M) = x^HM) + X+(M) 

43;02;2] (^) =4;0i;i] (^^) 4;0i;i] (^^ ( 'v ) ["^0 = (^'^ ( 'V ) ["^0 

Here we use the relation (14. Sp . 

• the case (s, t) = (0, 1). 

We have 

43;01;0] (M) =cf3^oi;0] i^) cf,.^,,.,^ (m ( )) + cf3^oo^o] (M) cf3^oi^o] (m (°o^o^)) 

= -1-1 = -2, 

43;0i;i] (^^) =4;0i;i] (^^) 4;00;0] ( "V ) [-^0 + 4;00;0] (^^) 4;0i;i] (^^ C?')) 
= - x+(M) - x+ [m (^If)) = -2x+(M). 
Here we use the relation (j4.5p . 

• the case = (0,0). 
We have 

43;00;0] {M) =cf3^oo^o] (M)cf3^oo^o] (m (^If)) = 1. 

Next, we compute the case of formula 4. 

• the case (s,t) = (2,2). 
We have 

C[12;22;0] (^) =cfl;ll;0] (^) 4;11;0] (^^ ( )) 

= (mi3 - mi2)(m22 - m33)(m22 - "133 - 1), 

Cfl2;22;l] (^) =cfl;ll;0] i^) cf^^i^^y (m ( )) + cfi^i^^y (M) cf^^i.^o, (m ( T/T ) [-1]) 

= - (mi3 - mi2)(m22 - m33)l) (^M o'-7 X- (yM 0-1 
-^(M)(m22 -^33) 
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= - (m22 - mss){E{M) + (mig - mu)iD{M) + l)x-(M)}, 

C[12;22;2] (^) =cfl;ll;l] (M) cf^^,,^,, (m ( "ol-? ) [-1]) 

=^(M)I)(m(o-V' )[-!]);,„ {m{-.'^/)[- 
=E{M)D{M)x-{M). 
Here we use the relations: 

(4.61) D ( "o'T =L)(M) + 1, 

(4.62) D {M[-l]) =D{M) - 1, 
and (HISl). 



the case {s, t) = (1, 2). 
We have 



[12;12;0] (^) =C[i;ii;0] (^) 4;0i;0] ( )) + 4;0i;0] (^) 4;ii;0] (^^ 
= - ("113 - mi2){m22 - m33)(m22 - "133 - 1) 
- (mi3 - mi2)(m22 - m33)(m22 - "i33 - 1) 

= - 2(mi3 - mi2){m22 - 'm-33)("T'22 - "133 " 1), 

[I2;i2;i] (^) =C[i;ii;0] i^) ^-fii;!] (^^ ( ''HO) + ^^Ii'Oi'i] ^^I^^ii^o] ( "o^T ) [-1]) 



+ cfi;Oi;0] (A^) [^\\' ))+ iw] 4;0i;0] (^f ( "o-i ) [-1] 

=(mi3 - 17112) {17122 - 17133)01 (^M o'T 
+ F(M)(m22 -^33) 

+ (mi3 - mi2)(m22 - m33)Z) (^M o'^;;!" )) X- ( V° )) 
+ E(M)(m22 -"133) 
=(m22-m33){^(M) + F(M) 

+ {mi3 - mi2){Ci(M) + 1 + D{M){1 - x+{M))}}, 

cfi2;i2;2] (^) =4;ii;i] (^^) 4;0i;i] ( ) [-1]) + 4;0i;i] (^) ( ) t"^] 

+ C[i;0i;2] (M) cf2;n;0] (^^ ( v' ) ["^l 
= -^(M)(7i (m(T)1°/') [-1] 



- F(M)I) 0-1 j X- 0-1 j [-1] 

- C2{M)x+{M){m22 - 11133 + 1) 

= - E{M)Ci{M) - C2(M)(1 - D{M) + 5{M)x+{M)), 

C[i2;i2;3] (^) =C[i;0i;2] (^) C[2;ii;i] (^^ ( V') [-^0 

=C2(M)x+(M)D (Af ( ) [-2]) X- (m ( -o^T ) [-2]) 
=0. 
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Here we use the relations: 

(4.63) D ( =D{M), 

(4.64) Ci (^M ) ) =(7i (M) + 1, 
(SSI), (HJI), (IM) . (Oel) and (09]) . 



• the case (s, i) = (1, 1). 

We have 

C[i2;ii;0] (^) =C[i;ii;0] (^) 4;00;0] (^^ ( )) + C[i;00;0] (M) cf2.n;o] (^^ ("7°)) 

= - (mi3 - mi2)(m22 - m33)(?Tl23 - 77122 + 1) 

- (mi3 - mi2)(mi3 - m22 + l)(m22 - "733) 

= (mi3 - mi2)(m22 - m33)(2m22 - mi3 - 77123 - 2), 

C[i2;ii;i] (^) =4;ii;0] (^) 4;00;i] ( )) + '^^oo^i] ^^P^ii^o] (^^ ('"cD ["^0 

+ 4;00;0] (^^ ( ""'y ) ["1]) + C[i;00;0] (M) cf^.,,.,^ (m ("oS")) 

= - ("1-13 - rni2){m22 - m33)Ci (^M )) X- ( 0-)" )) 

+ C2(M)(r7722 - 77733 + 1) + E{M){m23 - 77722) 

+ (777 1 3 - r77i 2) (777 1 3 " "722 + 1)^ (m ("'^o'')) X- [m ("7")) 

=E{M){m23 - 77722) + C2(M)(77722 - 77133 + 1) 

+ (777 1 3 - 777 1 2)X-(M){(77713 - 77722 + 1)D{M) - (777 22 " 77733)(Cl(M) + 1)}, 

C[i2;ii;2] (M) =cfi.i,.i] (M) cf2.oo;i] (m ( 'o-i ) [-1]) + cf^.QO;!] (M) cf2.n;i] (m ("or) [-1]) 
=^(M)Ci (m ( ) [-1]) (m ( o-\« ) [-1] 

- C2{M)D (m (-r) [-1]) X- (m (-r) [-1] 

=C2(M)(777 i3 - 77733 + 2 - Cl{M) - D{M)). 

Here we use the relations: 

(4.65) d[m {^IVyj =D{M), 

(SSI), (USD, (BSH) and (ICTD . 

• the case (s,t) = (0,2). 
We have 

C[i2;02;0] (^) =C[i;Oi;0] (^)C[2;0i;0] ( "V )) 

= (777 1 3 - mi2){m22 - 77733)(7n,22 - 77733 " 1), 
C[12;02;l] (M) =cfi.oi;0] (M) ^^qI;!] (m ( T/T ) ) + cf^.oi.i] (M) cf2.oi;0] ( 'o-^ ) [-1]) 

= - ("^l3 - ■mi2){m22 - 77733)Ci (m ( )) - F{M){m22 - 77733) 

= - (77722 - r7733){(777i 3 - 777 i2)(Cl(M) + X+(M)) + F{M)], 
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C[i2;02;2] (M) =cfi^o,^2] (M) cf,.,,.,^ (m ( T,T ) [-2]) + cfi^oi^i] (M) cf,.,,.,^ [m ( "o^^V ) [-1]) 

=C2{M)x+{M){m22 - mss + 1) + F{M)Ci [m ( ) [-1]) 
=(Ci(M) + x+(M) - l)F(M) + (m22 - "133 + l)C2{M)x+{M) , 

C[12;02;3] (^) =C[1;01;2] i^) ^[2-fil;l] (^^ ( "V ) ["^0 

= - C2(M)x+(M)Ci (m ( -o^T ) [-2]) 
= -C2(M)(C7i(M)-l)x+(M). 
Here we use the relations: 

(4.66) Ci (m ( 7/^1° )) = Ci(M) + x+(M), 

and (|i39|) . 

• the case = (0,1). 
We have 



C[12;01;0] (^) =C[1;01;0] (^) C[2;00;0] ( "V )) + 4;00;0] (^) 4;0i;0] (^^^ 
= (mi3 - mi2)(m22 - m33)(m23 - ^22 + 1) 

+ (mi3 - mi2)(mi3 - m22 + l)("i22 - ^33) 
= - ("ii3 - "^l2)(m22 - m33)(2m22 - ^13 - 77123 - 2), 

C[i2;0i;i] (^) =C[i;Oi;0] (^) 4;00;i] ( 'V )) + 4;00;i] (^) 4;0i;0] (^^ ^\{) ["!]) 

+ C[i;oi;i] (M) cf2.oo;o] [m ( ) [-1]) + cfi.00.0] (M) cf^.o^.^ (m ("00°)) 

= (77713 - "7l2)(r7722 - r7733)Ci (^M "'-''l'' ) ) X- (^f ) ) 

- C2(M) (777 22 - m33 + 1) " F(M) (777 23 " "722) 

- (7r7i3 - 77712) (777 1 3 " "^22 + 1)^1 i^M d J!"^ ^ 

= (777 1 3 - 'm'12)(?l(M){(77722 - m33)(l - X+{M)) - (mis - 777 22 + 1)} 

- C2(M)(7n22 - r7733 + 1) - F(M) (777 23 " "^22), 

C[i2;0i;2] (M) =cfi^oo^i] (M) cf,.^,,.,^ (m (^.T) [-1]) + cf^.Q.^ij (M) cf^^oQ.^] (m ( ) [-1] 
+ cfi;0i;2] (M) cf2.oo;o] {m ( 'o^T ) [-2]) 
=C2(M)Ci (m (".)^o") [-1]) 

-F(M)(7i(Af(o7 )[-!]);,_ (m(o7 

+ C2(M)x+(M)(7n23 - 77722 " 1) 

=C2(M)((7i(M) - 1)(1 + x'-'\M) + x+(M)) 
=2C2(M)(Ci(M)-l), 

C[12;01;3] (M) =cfi^oi^2] (^) ^^qO;!] ( V ' ) ["^0 
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=C,{M)x+{M)C, (m ( ) [-2]) X- (m ( ) [-2]) 
=0. 

Here we use the relations: 

(4.67) Ci (m ("o °) ) = Ci (M) , 

(USD, (SD, (BIU]), dHS}, (I332I) and (IMi . 

• the case = (0,0). 
We have 

C[12;00;0] (M) =cfi.oo;0] (M) cf2.oo;0] ("or)) 

=(mi3 - mi2)(mi3 - m22 + 1)("7.23 - "^22), 

C[12;00;l] W =cfi;00;0] (^) ^iOO;!] (^^o")) + "fl;00;l] (^) 4;00;0] ("of) ["!]) 

=(mi3 - mi2)(mi3 - m22 + l)Ci (m ( of)) X- (^ ( of)) 

-C2(M)(m23-m22-l) 
=(mi3 - mi2)(mi3 - m22 + l)Ci(M)x-(M) - C2(M)(m23 - m22 - 1), 

C[12;00;2] (M) =cfi;00;l] (^) C[2;00;l] (^ ('?") ["^0 

= -C2(M)C,(M(-f) [-l])x- (M(-or) [-1]) 
= -C2(M)((7i(M)-l)x_(M). 
Here we use the relations (gS]), ([09]) and ([3211) • 

Next, we compute the case of formula 5. 

• the case {s,t) = (2,2). 
We have 

cfl3;22;0] (^) =cfl;ll;0] (^) cf3;ll;0] ( "-f ) ) " ^"^^^ ~ "^12)("222 " ^^33), 

Cfl3;22;l] (M) =cf,.^,,.^^ (M) cfg^i^^o] (^^ ( "f ) ["1]) = -E{M). 

• the case (s, f) = (1, 2). 

We have 

C[i3;i2;0] (M) =cfi^ii^o] (M) cfg^oi^oj (m ( -^'^i + cf^^oi^Q] (M) cfg^i.^o] (m ( -o"i° )) 

= - ("ii3 - "ii2)(m22 - m33) - (mi3 - mi2)(m22 - ^33) 
= - 2(mi3 - mi2){m22 - "1,33), 

C[i3;i2;i] (^) =C[i;ii;0] (^) 4;0i;i] ( '"'f )) + 4;0i;i] (^) 4;ii;0] ( 'V ) ["^0 

+ Cfl;n;l] (M) Cfg.oi.o] (M ( "o;.? ) [-f]) 

= - (mi3 - mi2)(m22 - m33)x+(M) + ^iM) + ^(M), 
C[i3;i2;2] (^) =C[i;ii;i] (^) 4;0i;i] ( '"'f ) [-1]) + 4;0i;2] (^^) 4;ii;0] ( ) ["^O 
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=E{M)x+ [M o_-i j - C2{M)x+{M) 

={E{M)-C2{M))x+{M). 
Here we use the relation (j4.5p . 

• the case (s, t) = (1, 1). 

We have 

C[i3;ii;0] (M) =cl,.,,.,^ (M)cf3^oo;0] (^^ ( '''7 ) ) + ''^00;0] (^^) 4;ii;0] (^^ C?" 
= (mi3 - mi2)(m22 - ^33) - (mi3 - mi2)(mi3 - m22 + 1) 
=(mi3 - mi2)(2m22 - "213 - m33 - 1), 

C[13;11;1] (M) =cfi;00;l] (M) 4,n;0] {m (^'00°) [-1]) + C^,.,,.,^ (M) cf3.oo;0] ( "o"i° ) [-1]) 
=C2(M) - ^(M). 



• the case {s,t) = (0,2). 
We have 

cfi3;02;0] (^) =cfi;Oi;0] (^) cf3;0i;0] ( v" )) " ^""^^ ~ ?"i2)(?7i22 - "133), 

C[i3;02;i] (M) =cfi^o,^o] (M) cfg^oi^i] (m ( "o'T )) + cfi^oi^i] (M) cf,.^,,.^,^ (m ( "o'T ) [-1]) 

= (mi3 - mi2)(m22 - "233)x+ (^M o^T - F{M) 

= (mi3 - mi2)(m22 - m33)x';'(M) - F(M), 

C[i3;02;2] (^) =C[i;0i;2] (^) C[3;0i;0] ( V' ) [-^0 + 4;0i;i] 4;0i;i] (^^ ( V" ) [-^0 
=C2{M)x+{M) - F{M)x+ (m ( T/T ) [-1]) 
=C2{M)x+{M) - F{M)x%\M), 

C[i3;02;3] (^) =C[i;0i;2] (^)C[3;01;1] ( V ' ) ["^0 
=C2{M)x+{M)x+ (m(-o^T)[-2]) 

=C2(M)x^^HM)- 
Here we use the relations (j4.5p and (j4.1ip . 

• the case (s, t) = (0, 1). 

We have 

C[i3;0i;0] (^) =C[i;Oi;0] (^) C[3;00;0] (^^( V')) +'^^oo;0] (^) C[3;0i;0] (^^ tr")) 
= - ("lis - "^l2)("^'22 - ^33) + (mi3 - mi2)(mi3 - m22 + 1) 

= - ("lis - ?"l2)(2m22 - mi3 - 77133 " 1), 

C[i3;0i;i] (^) =C[i;00;i] (^) 4;0i;0] i^l'f) [-1]) 

+ C[i;01;l] {M) cf3.oo;0] ( ) [-1]) + cfi.oo;0] {M) cf3.oi.i] (a/ (^00°)) 
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= - C2iM) + F{M) + (mi3 - mi2)(mi3 - ^22 + l)x+ [m ("or)) 
=F{M) - C2{M) + (mi3 - mi2)(mi3 - m22 + 

C[13;01;2] (^) =C[1;00;1] (^0 4;01;1] (^^ ("'F) t"!]) + C[l;01;2] (^^) cf3;00;0] ( "V ) ["^O 

= - C2{M)x+ (m ("o^') [-1]) - C2(M)x+(M) 
= -2C2(M)x+(M). 
Here we use the relation (j4.5p . 

• the case = (0,0). 
We have 

cfl3;00;0] (^) =cfl;00;0] (^^) 4;00;0] ( Of'')) " "^""^^ ~ "^12)(mi3 " m22 + 1), 

inmi] (^) =^fi;00;i] (^^)4;00;0] (^^ tf' ) ["!]) = C2(M). 

At last, we compute the case of formula 6. 

• the case {s,t) = (2,2). 
We have 

43;22;0] (^) =cf2;ii;0] 4;ii;0] (^'^ ( )) = "^22 - ^33, 
43;22;i] m =c\2,,,,r^ {M) c\,.^,,.^^^ (^^ ( ) t"!]) = -^(M)x-(M). 

• the case (s, i) = (1, 2). 

We have 

43;i2;0] i^i) =4;ii;0] (^) 4;0i;0] (^^ ( )) + 4;0i;0] (^) 4;ii;0] (^'^ ( 'V )) 
= - (m22 - m33) - (m22 - "I33) = -2(m22 - "^33), 

43;i2;i] (^) =4;ii;0] (^) 4;0i;i] ( )) + 4;0i;i] (^) 4;ii;0] (^^ ( 'V ) ["^O 

+ C[2;ii;i] W4;0i;0] (^^ ( ) I"!]) 

= - (m22 - m33)x+ (m ( V-Y' )) + Ci{M) + D{M)x^{M) 

=Ci{M) - (m22 - m33)(x-(M) + xV" + KM)X-{M) 
=Ci{M) - (m22 - m33) + 5{M)x-{M), 

43;i2;2] (^) =4;ii;i] (^^) 4;0i;i] (^'^ ( ) ["!]) 

=D(M)x4M)x+ (m ( VA" ) [-1]) = 0. 
Here we use the relations ([i3]) . (jOj) and (|4.10p . 

• the case (s, i) = (1, 1). 

We have 

C[23;ii;0] (^) =4;ii;0] (^)4;00;0] ('$")) + 4;00;0] (^^) C[3;ii;0] (^^ ("?")) 
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= (m22 - m^s) - ("l23 - "122 ) = 2m22 - "123 - "133, 

C[23;ii;i] (^) =C[2;00;i] (^^) 4;ii;0] (^^ Cv") [-1]) (^) 4;00;0] (^^ ("^") ^"^0 

= - Ci(M)x-(M) - ^(M)x-(M) = -{Ci{M) + D(M))x-(M). 

• the case {s,t) = (0,2). 
We have 

cf23;02;0] (^) =cf2;0i;0] (^) cf3;0i;0] (^^ ( V° )) = ""22 - 1"33, 

C[23;02;l] (M) =4;0m i^) ( ' V ) ) ^ ^^^Ol;!] (^^) 4;01;0] ( "o-" ) [-1]) 

=(m22 - ms3)x+ [m ( "o-'i" )) - Ci{M) = -{Ci{M) - (m22 - m33)x+(M)}, 

cf23;02;2] (^) =cf2;0i;i] (^^) 4;0i;i] ( v' ) ["1]) = -C^i(M)x+ (m ( V-V ) [-1]) 
= -Ci{M)x+{M). 
Here we use the relation (j4.5p . 

• the case {s,t) = (0,1). 
We have 

43;0i;0] W =C[2;0i;0] (^)C[3;00;0] (^^ ( V")) +cf2;00;0] (^)4;0i;0] {m f o")) 
= - (m22 - "133) + (m23 - 77122) = -(2m22 - ^23 - "I33), 

43;0i;i] (M) =4;00;i] (^) 4;0i;0] ("7") ["!]) 

+ 4;0i;i] (^^) 4;00;0] ( ) [-1]) + cf2^oo;0] (M) cfg^oi^i] (m ("or)) 
=(7i(M)x-(M) + Ci(M) + (m23 - m22)x+ (m (°oo")) 
=(7i(M)(l + x-(M) + x'+'\M)) = 2Ci(M), 

C[23;01;2] (^) =C[2;00;1] (^) C[3;01;l] (° o r) [-1]) 

=C^iM)x-{M)x+ (m (\r) [-1]) = 0. 

(I33|), (gJl), (ITO]) and KT5\i . 

• the case (s,t) = (0,0). 
We have 

cf23;00;0] (^) =cf2;00;0] (^) cf3;00;0] (^^ C?°)) = -("^23 - "l22), 

C[23;00;i] (M) =4mi] W4;00;0] (^^ ("7°) [-1]) = -Ci{M)x-{M). 

□ 

For 1 < i < i < 3, we define a hnear map : ^A[-ij] ^ "^c ^-2e3 by 
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By Proposition 13.21 we see that 



,2 _ :a .-a 



Since uj = idg, is a non-zero generator of IlomK{Vx[-ij], Vx (8>c ^-263), which is unique 

up to scalar multiple. So, we obtain the following proposition from Proposition 14.41 easily. 

Proposition 4.5. For 1 < i < i < 3 and G-pattern M of type X[—ij], the image of the 
monomial basis f{M) by the injector i'^^^_^. : Vx[-ij] Vx 0c ^-203 is given by 

f 4-i;kl] 



0<k<l<2 I m=0 

In the right hand side of the above formula, we put f{M') = if M' is a triangular array which 
does not satisfy the condition i3. 1\) of G-patterns. 

5. {q,K)-MODVLE STRUCTURE OF PRINCIPAL SERIES REPRESENTATION OF 5*^(3, R) 

5.1. Irreducible decomposition of {'^(^a,u)\K, H^^^^,-^). For an irreducible finite dimensional 
representation (r, V) of K, we denote by (r*, V*) its contragradient representation. For a basis 
{vi}i£i of V, we denote by {v*}i^i its dual basis of V* . Let be the set of dominant weights 
of length three. 
We set 

^?Af^i„,a)(^) = {/ e L'^{K) I f{mx) = a{m)f{x) for a.e. m £ M^in, x £ K} 

and give X-module structure by the right regular action of K. Then the restriction map 
rx- -f^(o-,j^) ^ f f\K S . ^^{K) is an isomorphism of i^-modules. 
L'^{K) has a. K X i^-bimodule structure by the two sided regular action: 

((fci, fc2)/)(x) = f{k^^xk2), x£K, / E L\K), {h,k2) £KxK, 

and a homomorphism ^x ■ ^a* Vx Lp'{K) oi K x i^-bimodules by 

W ®V ^ {x ^ {w, Tx{x)v)) 

where (, ) is a canonical pairing on fS>c Vx- Then the Peter- Weyl theorem tells that 

^a: V;:0cVx^L\K) 

AGL+ AGL+ 

is an isomorphism as x iC-bimodules. Here ^ means a Hilbert space direct sum. 
Since L^^^ . ^-^{K) C L'^{K), we have an irreducible decomposition of L^^^^ cr)(-^)- 

AGL+ 

Here V^[a] is the c-isotypic component in (T^lM^i^^V*), i.e., 

n*M= n*(7)= C/(Mr 

7=(cti ,0-2,0-3) mod 2 MeGaW 

where G<,(A) = {M E G(A) | 7" = ((71,(12,(13) mod 2}. 
From above arguments. We obtain an isomorphism 

^/r' ° : ®C ^A - i^(o,.). 

AGL+ AeL+ 

Now we define elementary function s(M,A^) E by s(M,iV) = r^^o^);^(/(M)*®/(iV)) for 

M E G<,(A) and iV E G(A). Let /(M) be the order of the set {N E G(A) | 7^ > 7*^ or iV = 



00-2 



56 TADASHI MIYAZAKI 

M[k] for some A; > 0} for a G-pattern M of type A. For a G-pattern M of type A, let Sx (M) 
be a column vector of degree d\ = dimVx with its /(A'')-th component s{M,N) { N £ G{X) ), 
i.e., 

l{N)-th 

Sx (M) = (m, ('^mV)) ,siM,N),.-- ,s[m, {m."')) ) . 

Moreover we denote by {Sx (M)) the subspace of -ff(o-,t/) generated by the functions in the 
entries of the vector Sx{M), i.e., {Sx{M)) = ^j^^q^^^Cs{M, N) ( ~ Vx )• We take the 
marking {s{M, N)}]\j^(j(^x) for the simple K-module {Sx (M)). 

Proposition 5.1. As a unitary representation of K, it has an irreducible decomposition: 

AGL+ 

The direct sum 

© {Sx{M)) 
is the Tx-isotypic component {V^[a]) (dc Vx in H{ct,v)- 

5.2. General setting. The X-finite part Hf^^ y^ ^ of ^{a;u) is also a t-module. Because of 
the Cartan decomposition g = € © p, in order to describe the action of g or qc it suffices to 
investigate the action of p or pc = P+ © 

For a K-type (ta, Vx) of {7r(^cr,i/)j -f^((r,!/),_ft") aiid a nonzero K-homomorphism rj: Vx ^ -f^((T,i/),ii'! 
we define linear map fj: pc'^cVx ^^(o-,jy),_R' by i-^ X-ri{v). Then fj is K-homomorphism 

with pc endowed with the adjoint action Ad of K. 

Since 

Va P+ ^ Vx ®C V^2ei ^ Vx[+ij] 

i<«<i<3 

resp. Vx ®c P- ^ Vx ®c V^2e-^ ~ ^A[-ii] 

l<«<j<3 

there are six injective iC-homomorphisms 

= (idy, ®c«p+) o «e,+e, ■ Vx[+^J] -^Vx0Cp+, 1 < ^ < J < 3 

resp. I^ij = (idv^ ®c«p_) o i^e,-e, : '^^A[-ii] ^ ®c 1 < « < J < 3^ 

for general A. Then we define C-linear maps 

r^ij : RomxiVx, ^f(a,z.),/f ) ^ ^omK{Vx[±ij], H(^^ „-j k) , 1 < i < j < 3 

by ryi-^f/o/^.^.. 

Now we settle two purposes of this paper: 

(i) : Describe the injective iT-homomorphism 1^- in terms of the monomial basis. 

(ii) : Determine the matrix representations of the linear homomorphisms ^±ij with respect 
to the induced basis defined in the next subsection. 

We have already accomplished the first purpose in Lemma 13. 4^ Proposition 14.41 and 14. 5i We 
accomplish the second purpose in the subsection 15. 5i As a result, we obtain infinite number 
of 'contiguous relations', a kind of system of differential-difference relations among vectors in 
H(a,iy)[T'x] and -H'(CT,i/)[TA[±ii]]- Here -H'(ct,i.)[t] is r-isotypic component of H^^^^^y 
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5.3. The canonical blocks of elementary functions. Let 1]: Vx ^ ^((T,jy),i^ be a non-zero 
iT-homomorphism, where Vx is a simple K — module with the marking {f{M)}f^^Q(^x)- Then 
we identify rj with the column vector of degree dx = dimV3^ whose l{N)-th component is 
r?(/(7V))foriVGG(A),i.e., 

l{N)-th 

By this identification, we identify Sx (M) with the injcctive i^-homomorphism 

Vx 3 f{N) ^ s{M,N) G N G G(A) 

for M G Gcr{\)- We note that {Sx (Af)}MeGcr(A) is a basis of HomxiVx, H(^^j^-^j() and we call 
it the induced basis from the monomial basis. 

Wc define a certain matrix of elementary functions corresponding to the induced basis 
{Sx (-^)}MeGCT(A) of Homx(VA, H(^cr,i/),K) for each ii'-type tx of our principal series representa- 
tion 7r(aM). 

Definition 5.2. For M G G„{X), let d^ and F{M) be the orders of the set G<^(A) and 
{N G GaiX) I /(M) < liN)}, respectively. The dx x d^ matrix Sa{X) whose r{M)-th column 
is Sx (M) for M G Go-(A) is called the canonical block of elementary functions for Tx-isotypic 
component. 

5.4. The p-j--matrix corresponding to In this subsection, we define p±-matrix C^- 
of size dx[±ij] X dx corresponding to I^^j with respect to the monomial basis. 

Definition 5.3. We define a p±-matrix of size dx[±ij] x dx as follows, 
(i) For 1 < i < j < 3, we define a p+-matrix C^^j G M[dx[+ij],dx, C) (8) p+ by 

C^iJ = E (( °- ) [-"^D ® ^+11 + E (( ) [-"^]) ® ^+12 

I m=0 J I m=0 J 

+ E ^+^. (( ) [-^D U ^+13 + E ^iij ((°o") [-"^D ® ^+22 

I. m=0 ) \ m=0 ) 

(Co [-^]) U + E (( " ) ® ^+33. 

m=0 J I m=0 J 

ifere L^^^- (( ) [— m]) is a matrix of size dx[+ij] x dx whose l{M)-th row is given by 

l-l dx-l 

i^^4rM;m] (M) ,0~^ {i = i{m [-m]) ) 

ifM (^~l[J'^ [-m] G G(A) 
otherwise 

forMe G{\[+ij]). 

(a) For 1 < i < j < 3, we define a ^--matrix C^^j G M{dx[-ij], dx, C) (8) p- by 



m=0 J I m=0 J 

{»'[4-i4-i;ll] ^ /'r[4_j4_i.o2] A 

E ( ( ) U ^-13 + E ( ( V ) [-m]) U x_ 

m=0 J I m=0 J 
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'■[4_j 4-i;01] 



■'»"[4_j 4_,;;00] 



33- 



m=0 



m=0 



/:fere L'^.ij (( ' ° ) [— 'n-]) a matrix of size d\[^ij] x dx whose l{M)-th row is given by 



(0,---,0,cf,_^.4_,,,^^j(M),0,...,0) ( / = /(M( u, 



-m 







i/M(''ip) [-m] G G(A) 
otherwise 



forMeG{X[-ij]). 

Now we define C^^^-^a (M) G ^ C^Mi-.l by the action 

(L®X)(t>®/) = L(t;)®X/, 
( L X G Homc(C°'\ C^^li'^l) ®c P±, / G ^(<x,^),i^ ) 

for 

5a (M) G {H^.,u),Kf''' ^ C^' 55c H^a,u),K, 

Cii^ G M(dA[±i,],dA,C)®c p± =^Homc(C^\C'^^l±'^l)»c P±. 

By the definition of C^jj, we note that the vector C^^S\ (M) is identified with the image of 
Sx{M) hyVl,^. 

5.5. The contiguous relations. To compute the matrix representation of ^±ij with respect 
to the induced basis, we prepare the following lemmas. 

Lemma 5.4. The root vectors X±ij (0 < i < j < 3) in p± have the following expressions 
according to the Iwasawa decomposition of q. 

2 V^^2e, +Hi + K{Eii), i = j 

{Ee,-e,+V^Ee^+ej)+K{Eji), i<j ' 

-2V^E2e,+Hi-K{Eu), i=j 
{Ee,-e, - V^Ee,+ej) - K{Eij), i<j ' 

□ 



X. 



+ij 



Lemma 5.5. The coefficients c^j./j/.^i (M) in Proposition \4-4\ have the following relations: 



Proof. These are obtained by direct computation 

.A 

"[ij;kl;m 

hmir,22M {m ('''f ^) [m]) =(mi2 - m,, + l)xL-^'(M)cf.,;i2;„.-i] ['^'of) [m] 

+ (mil - m22 + l)4^.U;m] {^''^f') H) 



+ (m33-m22-l)cf,^.ii;^l(M( \2^)[. 



\m 



iff[ij-kl\ <^ or m <0. 



for I < i < j < 3, m e Z and M e G(A). Here 
and 

ku{M) = -2mii + 2mi3, kuiM) = -2mii + mis + "1-23 - 2, 

/C22(M) = -2mii + 2m23 - 2, A:i3(M) = -2mii + mis + "^33 - 3, 
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hsiM) = -2mii + 2m33 - 4, hsim) = -2mii + + 77133 - 4. 

Proof. In order to prove the assertion, it suffices to confirm the equations 
(5.1) hj (m [-o^f) i-m]) cJ^.22;H (^^^) 



= (mi2 -m23-m + l + 62i+ 52,)X'-' [M [i-fj [-m]) C%.l2;m-1] (M) 

+ (mn - 77122 -m + l)4,,i2-m] (M) + (Ci (m ("0^''^) [-m]) + l) 4^.n;m-i] (M) 

+ (77733 - 7772 2 - m + 1 - Jsi - hj)cfij.u;m] i^) 

for 1 < i < j < 3, 777 G Z and M G G{X[+ij]). Since 

% (m ('oV7^) [-777]) = %(M) + 2(1 - 6ij), 

xi-'^ (m (-05^=^) [-7^]) = x^_-'^'^'^''^\m), 

Ci (m ("o^-/') [-777]) + 1 = Ci(M) - m + 1 + (^2i • + 62j ■ X-{M), 

(j4.1|) . (j4.4|) and (j4.6|) . the equations (|5.1|) are equivalent to the equations 
(5.2) {%(M) + 2(1 - <5.,)}cJ^..22;r„] (M) 

= (mi2 - 7^23 - 777 + 1 + <^2. + h,)x^Z'''''''''''\M)cl^.^,2,^_,^ (M) 

+ {mil - 777 22 - 777 + l)cfii;12;m] (^) 

+ (Cl(M) - 777 + 1 + <^2. • X^!''\m) + 62j ■ X-iM)) 4,.,ii,m-l] W 
+ (77733 - 777 22 - 777 + 1 - (^3i - hj)cfij.ii.^^ (M) 

for 1 < z < j < 3, 777 G Z and M G G{X[+ij]). 

We prove the equations (j5.2p by direct computation. 



• the proof of the case of the (i, j) = (1, 1). 

Since (7'[ii;22])^[ii;i2])'^[ii:ii]) = (2,3,2), we have to confirm the following equations: 

(5.3) (77711 - "722 + l)cfii.i2;0] (^) + ("^33 " 7^22 + l)cfii;ii;0] (M) 
= (-277711 + 2777i3)cfii.22;0] (M) , 

(5.4) (mi2 - 7n23)X- " (M)cfii.i2;o] (M) + (mn - 7n22)cfn.i2;i] (M) 
+ Ci Wcfii;ii;o] (M) + (77733 - "i22)cfn.ii.i] (M) 

= (-277711 + 2?77l3)c^ii.22;l] (M) , 

(5.5) (77712 - "723 " 1)X- " {M)4,.i2,^ (M) + (777ii - 7772 2 " l)cfii.i2;2] (M) 
+ (Cl(M) - 1) cfii.ii.y (M) + (7^33 - 7^22 - l)cfii.ii.2] (M) 

= (-277711 + 2r77i3)cfii.22;2] (M) , 

(5.6) (mi2 - 7^23 - 2)xL"'' (M)cfii.i2;2] (M) + {mil - ^22 - 2)cf,^.^^.,^^ (M) 
+ (Ci(M)-2)cfii^,,^2] W = 0, 

(5.7) (77712 - "723 " 3)xt'^ (^)cfil;12;3] (^^) = 0' 
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We have 

(mil - "122 + l)cfii;i2;0] (^) + ("^33 - "1-22 + l)cfii;ii;0] (^^) 

= -2(mii - 77122 + l)(m-13 - ?n-12)(m-13 - "112 " l)(?n-22 " "l33)(m-22 " ^-33 " 1) 
- 2(m33 - 77122 + l)(m-13 " "1-12) ("1-13 " "ll2 " l)("l22 " "J-33)("ll3 " "1-22 + 1) 
= -2(77711 - "Il3)("ll3 - "1-12)("J-13 " "ll2 " l)("l22 " m33)("l22 " "1-33 " 1) 
= (-277711 + 2"7i3)cfii.22;0] (M) ■ 

Hence we obtain the equation (|5.3p . 



We have 

(77712 - "123)X- "(M)cfii.i2;0] i^) + ("Hi " "l22)cfii.i2.i] (M) 

= -2(77712 - rn23)X-^\M){mi3 - 77712) ("lis - "1-12 - l)("J-22 - "1-33) ("1-22 - "133 " 1) 

+ 2(77711 - "1-22)("113 - "112)("122 - "I33) (^M + E{M)^ 

= 2(mi3 - "1l2)("l22 - "133){ - ("I12 - "I23)("1l3 " "1l2 " l)("l22 " "133 " 1)(1 " X+{M)) 

+ (mil - "i22){ - Ci(M)(Ci(M) + 1) 

- X+(M){(777 i 3 - 777 1 2 - 1)("122 - "^33 - 1) + ("^13 - 77733)J(M)} + ^(M)}} 

= 2(77713 - "1l2)("l22 - "l33)| " ("1-12 - "l23 " ^ (^)X+ (^^ )) ("ll3 " "I12 - 1)(77722 - "133 " 1) 

- (77711 - "122)^1 (M)(Ci(M) + 1) - (77711 - "722 ) X+ (M) (77713 " "133)<5(M) 
+ (77711 - 77722)^(M)| 

= 2(77713 - "1l2)("l22 - "l33)| " Ci(M)(r77i3 - ?77i 2 - 1)(7772 2 - "I33 - 1) 

- ("Ill - "722)Ci(M)(Ci(M) + 1) - C7i(M)x+(M) (777 1 3 - "133)'5(M) + (7nii - 77722)^(Af)} 
= 2(77713 - "1l2)("l22 - "133)| " Ci(M){ (77713 " "ll2 - I)("l22 - "l33 " 1) 

+ (77713 - "733)5(M)X+(M) + (777ll - 777 22)(Cl(M) + 1)} + (777ll - 777 22)^(M)}, 

Cl(M)cfii;ii;0] (M) + ("133 - "I22)cfii.ii.i] (M) 

= -2Ci(M)(777 i3 - "Ii2)("7i3 - 777i2 - 1)(77722 - "l33)("ll3 " "l22 + 1) 

+ 2(7^33 - 777 22)("li3 - "Il2){("l22 - "133)^1 (M) (Ci (M) + 1) + (r77i3 " "l22)^(M)} 

= 2(77713 - "Il2)("l22 - "l33)| " Ci (M) { (77713 " "ll2 - l)("ll3 " "l22 + 1) 
+ (7772 2 - "733)(Ci(M) + 1)} - (r77i3 - 7n22)^(M)}. 

Therefore 

("112 - "123)X- ''(^)cfll;l2;0] (M) + ("111 - "I22)cfii.i2;i] (M) 

+ Ci(M)cfii.ii.o] (M) + (m33 - "i22)cfii.ii.i] (M) 

= 2(77713 - "Il2)("l22 - "l33)| " Ci (M) { (77713 " "ll2 - l)("ll3 " "I33) 
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+ (mi3 - m33)6{M)x+{M) + {niu - m3s){Ci{M) + 1)} + (mn - mi3)^(M)} 

= 2(mi3 - mi2)(m22 - m^s)^ - Ci(M){(mi3 - mii)(mi3 - 77133) 
- (mi3 - m33)(mi2 - mil - 5(M)x+(M) + 1) + (mn - m33)(Ci(M) + 1)} 
+ (mii -mi3)^(M)} 

= 2(mi3 - mi2)(m22 - m33)|(mii - mi3)Ci(Af )(mi3 - m33 - Ci{M) - 1) 

+ (mii -mi3)^(M)} 
= 4(mii - mi3)(mi3 - mi2)(m22 - m33){E{M) - Ci(M)) 
= (-2mii + 2mi3)cfii.22;i] (M) . 
Hence we obtain the equation (15. 4|) . Here we use the relations 

(5.8) F [m ( )) = -Ci{M){Ci{M) + 1) 

- x+(M){(mi3 - mi2 - l)(m22 - m33 - 1) + (mi3 - m33)(5(M)}, 

^ and (lOD . 

We have 

(mi2 - m23 - l)xL""(^)cfii;i2;i] {M) + (mn - m22 - l)cfii.i2;2] (M) 
= 2(mi2 - m23 - l)x- "(M)(mi3 - mi2)(m22 - m33){F [m ( "o'T )) + ^(M)} 

- 2(mii - m22 - 1)[e{M)F [m ( 

+ (mi3 - mi2)(m22 - m33)C7i(M)(Ci(M) + l)x+(M)} 
= 2(mi2 - m23 - l)xL~''(M)(mi3 - mi2)(m22 - m33){ - Ci{M){Ci{M) + 1) + E{M)] 

- 2(mn - m22 - 1)[e{M){ - {Ci{M) - l)Ci(M) - x+(M){(mi3 - mi2)(m22 - m33) 
+ (mi3 - m33)5(M)}} + (mi3 - mi2)(m22 - m33)Ci(M)((5i(M) + l)x+(M)} 

= 2(Ci(M) - l)xL-''(M)(mi3 - mi2)(m22 - m33){ - Ci(M)(Ci(M) + 1) + E{M)] 

- 2E{M){ - (Ci(M) - l)Ci(M)(mii - m22 - 1) 

- (Ci(M) - l)x+(M){(mi3 - mi2)(m22 - m33) + (mi3 - m^^)5{M)]] 

- 2(Ci(M) - l)(mi3 - mi2)(m22 - m33)Ci(M)(Ci(M) + l)x+(M) 

= -2(Ci(M) - l){(mi3 - mi2)(m22 - m33)Ci(M)((5i(M) + l){x^:'\M) + x+{M)) 

- E{M){Ci{M){mn - 17122 - 1) + (mi3 - mi2)(m22 - m33)(X- "(^) + X+(M)) 
+ (mi3-m33)<5(M)x+(M)}} 

= -2(Ci(M) - l){(mi3 - mi2)(m22 - m33)Ci(M)(Ci(M) + 1) 

- E{M){Ci{M){mii - 17122 - 1) + (^13 - mi2)(m22 - m33) 
+ (mi3-m33)5(M)x+(M)}}, 

(Ci(M) - l)cf^,.u;i] (M) + (m33 - m22 - l)cfn.n.2] (M) 
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= 2(Ci(M) - l)(mi3 - mi2){(m22 - ms3)Ci{M){Ci{M) + 1) + (mi3 - m22)^(M)} 

- 2(m33 - m22 - l)E{M){Ci{M) - l)(7i(M) 

= -2(Ci(M) - 1){ - (mi3 - mi2)(m22 - m33)Ci(M)(Ci(M) + 1) 

- ^(M){(mi3 - mi2){mi3 - 17122) + ("1-22 - ^33 + l)C'i(M)|. 
Therefore 

(mi2 - m23 - "(M)cfii.i2;i] (M) + (mn - 77122 - l)cfn;i2;2] (M) 

+ (Ci(M) - 1) cfii.ii.i] (M) + (m33 - m22 - l)cfn;ii;2] (^) 

= 2(Ci(M) - l)E{M){Ci{M){mn - ^33) + (^13 - mi2)(mi3 - 77133) 

+ (77713 -r7733)<5(M)x+(M)} 
= 2(Ci(M) - l)^(M){Ci(M) (77711 - r7733) + (r77i 3 - 777ii)(771i3 - 77733) 

- (777 1 3 - "733)(777 i 2 - 777ii - (5(M)x+(M))} 

= 2(77713 - 77711 )^(M)(Cl(M) " l)(mi3 " ^33 " Cl(M)) 
= (-277711 + 2777i3)cfi,.22.2] (M) . 

Hence we obtain the equation (15. 5p . Here we use the relations 
(5.9) F [m ( = -(Ci(M) - l)Ci(M) 

- X+(M){(77713 - 777i 2)(777 22 " "733) + (77713 " 'n^33)<^(^)}, 

(glZD, (iron , (imi) . (iTOii and (15:81) . 

We have 

(77712 - r7723 " 2)X- " (^)cfii;i2;2] (^) + ("^H " "^22 " '^)c\^l,l2-i\ i^) 

+ (Ci(M)-2)cfii^ii^2] (A^) 

= -2(77712 - m23 - 2)xL"''(M){^(M)F ( -'i^ )) 

+ (777 1 3 - mi2)(7n22 - 77733 ) Ci (M) (Ci (M) + 1)X+(M)} 

+ 2(77711 - "722 - 2)(Ci(M) - l)CiiM)E{M)x+iM) 

- 2{Ci{M) - 2)E{M){Ci{M) - l)Ci(M) 

= 2(Ci(M) - 2)x^Z^\M)E{M){Ci{M) - l)Ci(M) 
+ 2(C7i(M) - 2)(Ci(M) - l)Ci{M)E{M)x+{M) 

- 2{Ci{M) - 2)E{M){Ci{M) - l)Ci(M) 

= 2(Ci(M) - 2)(Ci(M) - l)Ci{M)EiM)ix^-'\M) + x+(M) - 1) = 0. 

Hence we obtain the equation (|5.6p . Here we obtain the relations (14. 9p . (I4.10[) . (|4.13p . (|4.14p 
and (1531). 



We have 



(777 1 2 - r7723 - 3)x'- '{M)cf,^.^2.^] (M) 

= 2(77712 - r7723 - 3)(Ci(M) - l)Ci{M) E {M)x'-'\M)x+{M) = 0. 
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Hence we obtain the equation (j5.7p . Here we use the relation (j4.10p . 

• the proof of the case of the = (2, 2). 

Since (?'[22;22]> ^[22;i2] > ^[22;ii]) = (2,2,2), we have to confirm the following equations: 

(5.10) 

(mil - m22 + I)cf22;l2;0] (^) + ("^33 " "^22 + l)cf22;ll;0] (^) 

= (-2mii + 2m23 - 2)cf22.22;0] (^) > 
(5.11) 

(mi2 - m23 + 2)x^nM)cf22.i2;o] 

(M) + (mil - "^22)cp2;12;l] 

(M) 

+ (Ci(M) + x'l\M) + x-(M)) cf22;ii;o] (M) + (m33 - m22)cf22;ii;i] (M) 

= (-2mii + 2m23 - 2)cf22;22;l] (M) , 

(5.12) 

(mi2 - m23 + l)X-H^)cf22;12;l] (M) + (mn - m22 - I)cf22;i2;2] (M) 

+ {C,{M) - 1 + x^l\M) + xAM)) cf22.ii.i] (M) + (m33 - m22 - l)cf22;ii;2] (M) 

= (-2mii + 2m23 - 2)cf22;22;2] (M) , 

(5.13) 

(mi2 - m23)x^'(M)cf22;i2;2] (M) + (Ci(M) - 2 + x'1\M) + X-(M)) cf22;ii;2] (M) = 0. 
We have 

(mil - m22 + l)cf22;12;0] (^) + ("^33 " "i22 + l)cf22;ll;0] (^) 
= -2(mii - m22 + l)(w.22 - m33)(m22 - ?7l33 - 1) 
- 2(m33 - m22 + l)(m22 - 'm,33)(m23 - "122) 

= -2(mii - m23 + l)(m22 - m33)(m22 - "133 - 1) 
= (-2mii + 2m23 - 2)cf22.22;0] i^) • 
Hence we obtain the equation (j5.10p . 

We have 
(mi2-m23 + 2)x^'(M) 

'^f22;12;0] (^^) + ("^H ~ "^22)cj^22;12;l] (^) 

+ {Ci{M) + x'l\M)+x~{M)) 

'^f22;ll;0] (^) + ("^33 " "^22)Cp2;ll;l] 

(M) 

= -2(mi2 - m23 + 2)x'L:'(M)(m22 - "^33)("^22 - "I33 - 1) 
+ 2(mii - m22)(m22 - m33){Ci(M) + (L)(M) + l)x-(M)} 

- 2 (Ci(M) + x^l\M) + X-(M)) (m22 - m33)(m23 - ^22) 

+ 2(m33 - m22){5(M)(m23 - m22 - l)X-(M) - (m22 - m33)(Ci(M) + 1)x^1HM)} 
= 2(m22 - "^33) I - (mi2 - m23 + 2)(m22 - "133 - 1)x'l\M) 
+ (mil - m22){m23 - ^22 + {d{M) + D{M) + l)x-(M)} 

- {mil - ^22 + (<5(M) + l)x-(M) + x''l\M)}{m23 - m22) 

- {D{M){m23 - m22 - l)X-{M) - (m22 - m33)(mi2 - mn + l)x^'(M)}} 
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= 2(77122 - "^33) I - {mil - + l)(?TT-22 - "1.33 - l)x^'(M) 

+ {6{M) + l){(mn - m23)x-(M) + x^1\M)} + (mn - m23 + l)D{M)x-{M)} 
= 2(m22 - m33){(mii - m23 + l)(-m22 + "133 + 6{M) + 2)x^1\M) 

+ (mil - m23 + l)^(M)x-(M)} 
= 2(mii - m23 + l)(m22 - m33){(^(M) + 2)x^1\M) + D{M)x^{M)} 
= (-2mii + 2m23 - 2)cf22.22;i] (M) . 
Hence we obtain the equation (|5.1ip . Here we use the relations ()4.ip . (j4.2p . ()4.8p and (|4.16p . 

We have 

(Ci(M) - 1 + x'l\M) + x-{M)) cf22;ii;i] (M) 

= 2 (Ci(M) - 1 + x^'(A^) + X-{M)) {D{M){m23 - m22 - l)x-(M) 

- (^22 - m33)((7i(M) + l)x^'(M)} 

= 2Ci(M)L>(M)(m23 - m22 - l)x-(M) 

- 2{(Ci(M) + 1) (m22 - m33)(Ci(M) + 1) - D{M){m23 - ^22 - l)}^-^^)- 
Therefore 

(mi2 - m23 + l)x^'(M)cf22;i2;i] (M) + (mn - m22 - I)cf22.i2;2] (M) 

+ (Ci(M) - 1 + x'l\M) + x-(M)) cf22,,,^,j (M) + (m33 - m22 - l)cf22;ii;2] (M) 

= 2(mi2 - m23 + l)x^^(M)(m22 - m33){Ci(M) + {D{M) + l)x-(M)} 

- 2(mii - m22 - l)Ci(M)£»(M)x-(M) 
+ 2Ci(M)Ll(M)(m23 - m22 - l)X-(M) 

- 2{(Ci(M) + 1) (m22 - m33)(Ci(M) + 1) - D{M){m23 - m22 - 1)}X-\M) 
+ 2(m33 - m22 - l)Ci{M)D{M)x^l\M) 

= 2(mi2 - m23 + l)(m22 - m33)(mi2 - mn + D{M) + l)x- (M) 

- 2(mii - m22 - l)(mi2 - mii)L»(M)x-(M) 
+ 2(mi2 - m23)^(M)(m23 - ^22 - l)x-{M) 

- 2{(mi2 - m23 + l)(m22 - m33)(mi2 - mn + 1) - D{M){m23 - "122 - 1)}X-H^) 
+ 2(m33 - m22 - l)(mi2 - mii)£»(M)x^'(M) 

= 2(mii - m23)(m22 - m33)^(M)x^H^) " 2(-m22 + ^33 + <5(M) + 1)D{M)x^1\M) 

- 2(mii - m23)(5(M) + l)D{M)x-{M) 

= -2(mii - m23 + l)(-m22 + m33 + S{M) + l)D(M)x^'(^) 
= (-2mii + 2m23 - 2)cf22;22;2] (M) ■ 

Hence we obtain the equation Here we use the relations (gSD, (IH2D, (FTTU|) 

and (gUD. 

We have 

(mi2 - m23)xL^nM)cf22;i2;2] (M) + {Ci{M) - 2 + x^'(M) + X-(M)) cf22;ii;2] (^) 
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= -2{mi2 - m2z)x^l\M)Ci{M)D{M)x-{M) 

+ 2 (Ci(M) - 2 + X- (M) + X-(M)) Ci{M)D{M)x^^\M) 
= -2Ci{M)Ci{M)D{M)x^l\M) + 2Ci{M)Ci{M)D{M)x^l\M) = 0. 
Hence we obtain the equation (I5.13p . Here we use the relations (I4.14p and ()4.12p . 

• the proof of the case of the = (3,3). 

Since (?'[33;22]) '^[33;i2] > '"[33:ii]) = (0)1)0)) we have to confirm the following equations: 

(5.14) (mil - "222 + I)cj)j3.i2;0] (^) + ("^33 " "122 " l)cf33;ii;0] 

(M) 

= (-2mii + 2m33 - 4)cf33.22.o] {M) , 

(5.15) (mi2-m23)x^~"(^) '^i33;12;0] (^) + ("^H ~ ''^'i'i)^[?,Z\12;l] 

(M) + Ci(M)cf33^,,^0] (M) 

= (-2mii + 2m33 - 4)cf33.22.i] (M) , 

(5.16) (mi2 - m23 - l)xL"" (^^)cf33;i2;i] (^^) = 0- 

We have 

(mil - m22 + I)cf33.i2;0] {M) + (m33 - m22 - l)cf33.ii.o] {M) 
= -2(mii - m22 + 1) + 2(m33 - m22 - 1) 
= -2mii + 2m33 - 4 = (-2mii + 2m33 - 4)cf33.22;0] {M) . 
Hence we obtain the equation (I5.14p . 

We have 

(mi2 - m23)X- 'H^)cf33;12;0] (^) + ("^H " "^22)cf33.i2;i] (M) + Ci{M)c\^^.^^.^^ (M) 

= -2(mi2 - m23)x^""(M) - 2(mii - m22)x+(M) + 2Ci(M) 
= -2(mi2 - m23)(l - X+{M)) - 2(mii - m22)x+(M) + 2Ci(M) 
= _2(mi2 - m23 - 5{M)x+{M) - Ci{M)) = 0. 
Hence we obtain the equation (I5.15p . Here we use the relations (14. 1|) and ()4.9p . 

We have 

(mi2 - m23 - l)x^""(M)cf33.i2;i] (M) = -2(mi2 - m23 - l)xL-" (M)x+(M) = 0. 
Hence we obtain the equation (j5.16p . Here we use the relation (j4.10p . 

• the proof of the case of the (i, j) = (1, 2). 

Since (?^[i2;22]) '^[12;12] > '^[i2;ii]) = (2)2,2), wc havc to confirm the following equations: 

(5.17) (mil — "1-22 + l)c^l2;12;0] (^) + ("^33 " "^-22 + l)cji2;ll;0] 

(M) 

= (-2mii + mi3 + m23)cfi2;22;0] W ' 

(5.18) (mi2 - m23 + 1)X- (^)cfi2;12;0] (^) + ("^11 

+ (Ci(M) + x-(M)) cfi2;ii;o] m + (m33 - 

= (-2mii + mi3 + ?n23)c^i2;22;l] (^^) ) 



- "l22)C[i2;i2;l] {M) 

"^22)cfi2;ll;l] (M) 
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(5.19) (mi2 - m23)x- iM)cf^^.^^.^ (M) + (mn - 17122 - I)cfi2;i2;2] (M) 

+ (Ci(M) - 1 + X-{M)) cfi2.n;i] (M) + (mgs - ^22 - l)cfi2;ii;2] (M) 

= (-2mii + mi3 + "I23)c^i2;22;2] (^) ' 

(5.20) (mi2 - m23 - l)X-(M)cfi2.i2;2] (^) + (^^i W " 2 + X-{M)) cf,^.,,.^^ (M) = 0. 
We have 

(mil - m22 + l)cfi2;12;0] (^) + ("^33 - "^22 + l)cfl2;ll;0] (^) 

= -2(mii - m22 + l)(mi3 - mi2)(m22 - 'm33)(m22 - ^,33 - 1) 

+ (m33 - m22 + l)(rn.i3 - mi2)(m22 - 'm33)(2m22 - m.13 - 77123 - 2) 
= -(2mii - mi3 - m23)(mi3 - mi2)(m22 - r?T.33)(m22 - ^33 - 1) 
= (-2mii + mi3 + m23)c^i2;22;0] (^) • 

Hence we obtain the equation (j5.17p . 
We have 

(mil - "^22)cfi2;i2;l] (M) + (m33 - m22)cfi2;ll;l] (M) 

= (mil - "T'22)("T'22 - rn33){E(M) 

- C2(M) - x+(M){(mi3 - mi2)(m22 - m33) + (mi3 - m33 + 1)<5(M)} 
+ (mi3 - mi2){Ci(M) + 1 + D{M){1 - x+{M))}} 

+ ("133 - m22)|-E(M)(m23 - m22) + C2(M)(m22 - "^33 + 1) 

+ (mi3 - mi2)x-(M){D(M)(mi3 - m22 + 1) - (^22 - m33)((7i(M) + 1)}} 

= (m22 - ?n,33)|(mii - m2z)E{M) 

- (mil - rn^-i + l)C2(Af) - (mn - m22)(mi3 - "^33 + l)6{M)x+{M) 

+ (mi3 - mi2){(mii - m22){Ci(M) + 1 + D{M){1 - x+{M)) - {17122 - m33)x+(M)} 

- x-(Af){L>(M)(mi3 - m22 + 1) - (^22 - m33)(Ci(M) + 1)}}} 

= (m22 - m33)|(2mii - mi3 - m23)E{M) + (mi3 - mii)Ci(M)(mi3 - m33 + 1 - Ci(M)) 

- (mil - ^33 + 1)C2(M) - C7i(M)(mi3 - m33 + l)<5(M)x+(M) 

+ (mi3 - mi2){(mii - m22){Ci(M) + 1 + D{M) - (-m22 + ^33 + 6{M))x+{M) 

- (m22 - m33)x+(M)} - x-(M){^(M)(mi3 - m22 + 1) - (m22 - m33)(Ci(M) + 1)}}} 

= (m22 - m33)|(2mii - mi3 - m2z)E{M) 
+ (mi3 - mil - Ci{M) - 6{M)x+{M))Ci{M){mis - m^s + 1) 
+ (mi3 - mi2){(mii - m22){Ci(M) + 1 + D{M) - 5{M)x+{M)} 

- x_(M){L>(M)(mi3 - m22 + 1) - (^22 - m33)(Ci(M) + 1)}} } 

= (m22 - rn.33)| (2mii - mi3 - m2z)E{M) + (mi3 - mi2){Ci(M)(mi3 - m33 + 1) 
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+ (mil - m22){Ci(M) + 1 + D{M) - 5{M)x+{M)] 
- xAM){D{M){mi3 - m22 + 1) - (m22 - m33)(Ci(M) + 1)}}}. 
Therefore 

(mi2 - m23 + l)X-(M)cfi2;i2;o] i^) + (mn - m22)cfi2;i2;i] (M) 
+ (Ci(M) + x-(M)) cfi2.ii.o] (M) + (msa - m22)cf^2;U:i] (M) 

= -2(mi2 - 17123 + l)X-(^'^)(mi3 - mi2){ni22 - m33)(m22 - ^33 - 1) 

+ (Ci(M) + X-iM)) (mi3 - mi2){m22 - "i.33)(2m22 - mi3 - 771-23 - 2) 

+ (m22 - m33)|(2mii - mi3 - m23)E{M) + (77113 - 77112) {Ci(M)(77ii3 - "733 + 1) 

+ (77111 - m22){Ci{M) + 1 + D{M) - 6iM)x+iM)} 

- X-{M){D{M){mi3 " m22 + 1) - (r7722 - m33){Ci{M) + 1)}}} 

= (77722 - 77733) I (277711 - "713 - m23)E{M) 

+ {nivi - 777 i2){ - 2(77712 - "1-23 + l)(m22 " m.33 - l)X-{M) 

+ {mil - m22 + {6{M) + l)x-(M)} (277722 - ^13 - 77723 - 2) 
+ (77711 - "1-22 + 8{M)x-{M)){mi3 - 77733 + 1) + {niii - 77722) 

X {77723 - ^22 + 5{M)X-{M) + 1 + (-777 22 + "^33 + 5{M)) - 5{M){1 - X-(M))} 

- X-(M){(-777 22 + m33 + 6{M)){mi3 - 77722 + 1) " (^-22 " m.33)(777i2 - 777ii + 1)}}| 

= (77722 - 77733) I (277711 - rni3 - m23)E{M) 

+ (277711 - rni3 - 77723)(777i 3 - 777 i2)X- (^) (-"1-22 + "733 + 5{M) + 1)| 
= (277711 - mi3 - r7723)(m22 - 77733){^(M) + (77713 " 7^12)%- (M) (5(M) + 1)} 
= (-277711 + "113 + m23)c^i2;22;l] (^) • 

Hence we obtain the equation (|5.18|) . Here we use the relations (|4.1|) . (|4.2|) and (|4.14|) . 
We have 

(77712 - m-23)X-(Ai')C['^2;12;l] 

(M) 

= (77712 - "723)X-(M) (777 22 " 77733) {^(M) + F{M) 

+ {mi3 - 777 i2){Ci(M) + 1 + D{M){1 - x+(M))}} 

= (77722 - 77733)X-(M){ (777 1 2 " 777 23)(^(M) - C2{M)) 

+ (7ni3 - 777 1 2 )Ci(M)((7i(M) + 1 + D{M))} 

(77711 - "722 - l)cfi2;12;2] (^) 

= -(77711 - m22 - l){Ci{M)E{M) + C2{M) (l - D{M) + 5{M)x+{M)) } 

= -{mil - "722 - l){Ci(M)^(M) + C2{M) (77722 " "733 + 1 " 5{M)X-{M)) } 

(Ci(M)-l + x-(M))cfi2;ii;i] (M) 

= (Ci(M) - 1 + X-{M)) {E{M){m23 - 7x122) + C2(M)(77722 - m33 + 1) 

+ (777 1 3 - "7i2)X-(M){LI(M)(777 i3 - 7^22 + 1) " ("^22 " "733)((7i(M) + 1)}} 
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= (mil - - l){Ci{M)E{M) - 6{M)x-(M)E{M) + C2(M)(m22 - mga + 1)} 
+ (5(M) + l)x-iM){EiM)im23 - ^22) + C2(M)(m22 - ^33 + 1)} 
+ (mi3 - mi2)Ci(M)x-(M){D(M)(mi3 - m22 + 1) - (m22 - m33)(C7i(M) + 1)} 

(m33 - m22 - l)cfi2;ii;2] (M) 

= (^33 - ^22 - l)C2(M)X-(M)(mi3 - 77133 + 2 - Ci(M) - L)(M)) 
= -(m22 - m33 + l)x-(M){(mi2 - mii)^(M) + (1 - D{M))C2{M)} 

Therefore 

(mil — ^22 — l)cj\2;12;2] 

(M) + (Ci(M) - 1 + x-(M)) cfi2;ii;i] (M) 

+ (mi2 - m23)x~(M)cfi2;i2;l] (M) + (m33 - ^22 - l)cfi2;ii;2] (M) 

= X-{M){ - (mil - m23)E{M)D{M) + (mn - m33)5(M)C2(M) 

+ (mi3 - m33 + l)(mi3 - mi2)Ci{M)D{M) - {niu - "^23)("^'22 - m33)C2(M) 

+ (m22-m33 + l)^(M)C2(M)} 
= X-(M){ - (2mii - mi3 - m23)E{M)D{M) 

+ (mil - ■mi3){mi2 - m23)(mi3 - m33 + 1 - mi2 + ■mii)D{M) 

+ (mil - m33)5(M)(mi2 - m23)(mi2 - mn) 

+ (mi3 - m33 + l)(mi3 - mi2)(mi2 - ■m2z)D{M) 

- (mi2 - m23)("^22 - m.33)(mi2 - m23)("T.i2 - mil) 
+ (m22 - m33 + l)(mi2 - m23)(mi2 - mii)D{M)] 

= X-{M){ - (2mii - mi3 - m2z)E{M)D{M) + (mi2 - m23)(mi2 - mii){(mii - m-i2)6{M) 

- (m22 - m33)(mi2 - m23) + (m22 - mii)D{M)}] 

= X-{M)[ - (2mii - mi3 - m23)E{M)D{M) + (mi2 - m2z){mi2 - mii){(mii - m-i3)6{M) 

- (m22 - m33)(mi2 - m23) + (m22 - mii)(-m22 + w.33 - 5{M))}] 
= X-(M) - (2mii - mi3 - m23)E{M)D{M) 

= (-2mii + mi3 + m23)cj\2;22;2] (^) • 

Hence we obtain the equation 15.191 Here we use the relations (|4.10p . (|4.12p . (|iT9]) . (|4.26p . 
Km and (ITOD . 

We have 

(mi2 - m23 - l)X-(M)cfi2.i2;2] (M) 

= {mi2 - m23 - l)X-{M){ - Ci{M)E{M) - C2{M) (l - D{M) + 5{M)x+{M)) } 
= -(Ci(M) - l)x-(M)(mi3 - m33 + 2 - Ci{M) - D{M)), 

(Ci(M)-2 + x-(M))cfi2;ii;2] (M) 

= (Ci(M) - 2 + x~{M)) C2(M)x_(M)(mi3 - m33 + 2 - (7i(M) - D{M)) 
= {Ci{M) - l)C2(M)x-(M)(mi3 - m33 + 2 - Ci{M) - D{M)). 

Therefore 

(mi2 - m23 - l)x-(M)cfi2.i2;2] {M) + (Ci(M) - 2 + X-(M)) cfi2.ii.2] (M) = 0. 



THE (g, ii')-MODULE STRUCTURES OF PRINCIPAL SERIES REPRESENTATIONS OF 5p(3, R). 69 

Hence we obtain the equation (j5.20p . Here we use the relations ()4.10p . (j4.12p and (j4.14p . 

• the proof of the case of the = (1,3). 

Since (?'[i3;22]> ^[13;12] > '"[i3;ii]) = (1)2, 1), we have to confirm the following equations: 

(5.21) (mil - m22 + l)cf^3;i2M (M) + (msa - m22)cf^3.n;0] (M) 

= (-2mil + mi3 + 77133 - l)cfi3;22;0] (^) ' 

(5.22) (mi2 - m23)x^-'' (M)cf,3.i2;0] (M) + (mn - m22)cf^3,^2;i] (M) 

+ Cl(^^)cfl3;ll;0] (M) + (m33 - m22 - l)cfi3.ii.i] (M) 

= (-2mii + mi3 + m33 - l)c^i3.22;i] (^) > 

(5.23) (mi2 - m23 - l)^^-'' iM)cf^3.^2;i] (M) + (mn - m22 - I)cfi3.i2;2] (M) 
+ {C,{M)-l)cf,,.^n;i] iM) = 0, 

(5.24) (mi2 - m23 - 2)x^-'^ {M)cl^^.^^.^^ (M) = 0. 
We have 

(mil - "122 + I)cfi3;i2;0] (M) + (m33 - m22)cfi3.ii.o] (M) 

= -2(mii - m22 + l)(mi3 - mi2)(m22 - ^33) 

+ (m33 - m22){mi3 - mi2)(2m22 - "^l3 - "^-23 - 1) 
= -(2mii - mi3 - m23 + l)(mi3 - mi2)(m22 - m.33) 

= (-2mii + mi3 + m33 - l)c^i3.22;0] (^) • 

Hence we obtain the equation ()5.2ip . 

We have 

(mi2 - m23)X- ''(M)cfi3.i2;0] {M) + (mil - "I22)cfi3.i2;i] (M) 

= -2(mi2 - m23)x^I^\M){mi3 - mi2)(m22 - ^33) 

+ (mil - m22){^(M) + F{M) - (mi3 - mi2)(m22 - m33)x+(M)} 
= -2(mi2 - m23)(mi3 - mi2)(m22 - m33)(l - x+{M)) + (mn - m22){^(M) - C2(M) 

- x+(M){2(mi3 - mi2)(m22 - "t-ss) + ("t-is - m-ss + 1)^(^)}} 
= -2(mi3 - mi2)(m22 - 'm,33)(mi2 - m23 - 5{M)x+{M)) 

+ (mil - m22)(^(M) - C2{M)) - (mn - m22)(mi3 - m33 + l)5{M)x+{M) 
= -2(mi3 - "^l2)("^22 - m33)Ci(M) 

+ (mil - m22){E{M) - C2{M)) - Ci(M)(mi3 - m33 + l)5{M)x+{M) 
= -Ci{M){{mi3 - m33 + l)6{M)x+{M) + 2(mi3 - mi2)(m22 - ^33)} 

+ (mn-m22)(^(M)-C2(M)), 

Cl(^)cfl3;ll;0] (*^) + ("^33 - "122 - l)cfi3;ll;l] (M) 

= Ci(M)(mi3 - mi2)(2m22 - mig - mgg - 1) + (m33 - m22 - 1)(C2(M) - E{M)). 
Therefore 

(mi2 - m23)xL"'nM)cfi3.i2;0] {M) + (mil - m22)cfi3.i2;l] {M) 
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+ Wcfi3;ll;0] i^i) + ("^33 - m22 - l)cfi3.n;l] {M) 

= Ci(M){-(mi3 - + l)6{M)x+{M) + (mi3 - mi2)(m33 - mi3 - 1)} 

+ (m33 - mil - 1)(C2(M) - E{M)) 
= Ci(M){-(mi3 - m33 + l)6{M)x+{M) + (mi3 - mi2)(m33 - mi3 - 1) 

+ (m33 - mil - l)Ci(M)} - (m33 - mn - l)E{M) 
= Ci(M){(mi3 - 77133 + l)(m'i2 - rn-ii - (^(M)x+(M)) + (-mi3 + mii)(mi3 - 77133 + 1) 

+ (77133 - mil - l)Ci(M)} - (77733 - mil - l)E{M) 
= (-77113 + mii)Ci(M)(7r7i3 - 77733 + 1 - Ci{M))] - (77733 - mn - l)E{M) 
= (2mii - 7ni3 - 77733 + l)E{M) 
= (-277711 + mi3 + 77733 " l)cfi3;22;l] (^) • 

Hence we obtain the equation (j5.22p . Here we use the relations ()4.ip . (j4.2p . (j4.9p and (|4.13p . 
We have 

(mi2 - m23 - l)xL"''(M)cf,3.,2.i] (M) 

= (777 1 2 - m23 - l)x-'\M){E{M) + F{M) - (mi3 - mi2)(m22 - m33)x+(M)} 
= (77712 - m23 - 1)(1 - x+{M)){E{M) - C2{M)). 
Therefore 

(77712 - m23 - "(M)cfi3.i2.i] (M) + (777ii - 77722 " l)cfi3;12;2] (^) 

+ (Ci(M)-l)cfi3^11^1] (M) 

= (777 1 2 - m23 - 1)(1 - x+{M)){E{M) - C2{M)) 

+ (mil - m22 - 1){E{M) - C2{M))x+{M) 

+ {Ci{M) - I) {C2{M) - E{M)) 
= (mi2 - m23 - 5{M)x+{M) - 1){E{M) - C2{M)) 

- (Ci(M) - 1) {E{M) - C2{M)) = 0. 
Hence we obtain the equation (|5.23p . Here we use the relations ([iTT]) . (fOj) . (|4.10p and (|4.26p . 

We have 

(mi2 - m23 - 2)xL"'H^)cfi3;12;2] (^) 

= (mi2 - m23 - 2){E{M) - C2{M))x^:'\M)x+{M) = 0. 
Hence we obtain the equation (I5.24p . Here we use the relation (I4.10p . 

• the proof of the case of the (i,j) = (2,3). 

Since (?'[23;22]) '^[23;i2] > ''[23:11]) = (1) 1) 1)) we have to confirm the following equations: 

(5.25) (77711 - m22 + I)cf23;i2;0] (^) + ("^33 " m22)cf23;ll;0] (^^) 

= (-277111 + m23 + m33 - 2)cj^23;22;0] (^) ' 

(5.26) (mi2 - m23 + l)X- (M)cf23;12;0] (^^) + i^U " '^22)cf23.i2;i] (M) 

+ (Ci(M) + x-(M)) cf23.ii.o] (M) + (77733 - m22 - l)cf23.ii.i] (M) 
= (-277711 + m23 + m33 - 2)cp3;22;l] (^) ' 
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(5.27) (mi2 - m23)X-(M)cf23.i2.i] (M) + (Ci(M) - 1 + X-{M)) cf^g.^;!] (M) = 0. 
We have 

(mil - m22 + I)cf23;i2;0] (^) + ("^33 " "l22)cf23;ii;0] {M) 

= -2(mii - m22 + l)(m22 - m-sa) + (77133 - "i22)(2m22 - ?tt.23 - 777.33) 

= (-2mii + 77123 + 77733 - 2) (771,22 " 77733) 
= (-277711 + 77723 + 77733 " 2)Cp3;22;0] (^) • 

Hence we obtain the equation ()5.25p . 
We have 

(777,12 - 77723 + l)X-(M)cf23;i2;0] W + ("^11 " "T'22)cf23;i2;l] (A^) 
+ (Ci(M) + X-(M)) cf23.ii.o] (M) + (77733 - 77722 " l)cf23;ll;l] (^) 
= -2(77712 - 77723 + 1)X- (^^) (77722 " 77733) 

+ (77711 - 7772 2){Cl(M) - (777 22 " 77733) + 5{M)x^{M)} 

+ (C7i(M) + X-(M)) (277722 - 77723 " 77733) " (77733 " 7^22 " l){Cl{M) + D{M))X-{M) 
= -2 ( 77712 - 77723 + 1)(77722 " 7r733)X-(M) 

+ (77711 - 77722) (-277722 + 77723 + 77733 + 25(M)X-(M)) 

+ (77711 - 77722 + (<5(M) + l)X-(M)) (277722 " 7^23 - 7n33) 

- (77733 - 7772 2 - 1) (777 1 2 " 777ll + D{M))X-{M) 
= (277711 - 7^22 - 77723 + l)(-7n22 + 7^33 + 5{M))X- (M) + (777 22 " 7n33 + l)D{M)X-{M) 
= (277711 - 777 23 " 77733 + 2)D{M)X-{M) 
= (-277711 + 777 23 + 77733 " 2)Cp3;22;l] (^) • 

Hence we obtain the equation (|5.26p . Here we use the relations ()4.ip . (j4.2p and ()4.16p . 
We have 

(777 1 2 - 77723)X-(M)cf23.i2;i] (M) + (Ci(M) - 1 + X-(M)) c\^^.^^.,^ (M) 
= (77712 - 77723)X-(M){(5i(M) - (7^22 " 7^33) + 5{M)X-{M)] 

- {Ci{M) - 1 + x-(M)) (Ci(M) + D{M))xAM) 
= (mi2 - m23)x-{M){Ci{M) - 77722 + 7^33 + <5(M)) - (mi2 - 777 23)(Ci(M) + D{M))x-{M) 
= 0. 

Hence we obtain the equation (j5.27p . Here we use the relations (j4.16p and (j4.12p . 

□ 

Theorem 5.6. For l<i<j<3,we have an following equation with the matrix representation 
-R(r^,y) G M(d^j_|_^^.p d^, C) o/r^jj with respect to the induced basis {Sx{M)}m)zg„{\): 

(5.28) Ci,^S.(A) = S.(A[±u]) • R{Ti,^). 

Here C^-^So-(A) is a matrix of the size dA[±ij] ^ '^A' whose F{M)-th column is C^ijSx (M) for 
MgG^(A). 

The explicit expression of the matrix R{T^^j) is given as follows, 
(i) pj^-side: 
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R(rXij) (1 — — i — 3) is a matrix of size d'^^^^j-^ x d^, whose l"{M)-th column is given by 

r[ir:22] 
m=0 

riij;02] 

Y: %;h(-2,M)u^j^,^.j (M(^\f )[m]) 



m=0 



m=0 

forM£ G^(A). iJere 

/l[,,.„](z.2, M) ={U2 + P2 + 72')cf,,;02;H ('^'o^^^) H) 

+ (m22 - m33 + 1 + 5(M))xV^HM)cf,^.oi^„„i] (m ('=\^r^) [m]) 

+ (^22 - m33 + l)4;0i;H (^^ H) 

(X'^O [""0 =° ''fo;'^'] < ^'^ m<0. 
and u^(M) is a column vector of degree d^ which is defined by 

{P(A/)-l dJ-P(M) 
*(0~^,1,0~^) i/MGG,(A), 
otherwise . 

(ii) p^-side: 

i?(r^jj) (1 < i < J < 3) is a matrix of size ^^^[-'tj] ^ '^v whose l'^{M)-th column is given by 
the form 

?'[4_j 4_i;22] ^ 

(^1 + PI - 7f + A:4-,4-.(M)) 5] 4_^.4_,22;H (T) ["^0 "A[-.,] (''S-'O t"'] 

m=0 

+ Yl 4-i;m] (^^2 , (m ( 'To'=^ ) [m] 

'■[4-j 4-i;00] 

+ {1^3 + P3- 1^) Y 4~,4~^mnA (^^ (T) H) (m (^Y^) [m] 

forM£G„{X). 

Proof For M,N £ G{X), we define 

A(M, A^) "I Q otherwise. 

Since 

(5.29) s{M, N){U) = if {MY, f{N)) = A(M, N), 

we see that the value at Ig G G of the vector Sx (M) is the /(M)-th unit column vector 
*(0, • • • , 0, 1, 0, • • • ,0) of degree dx. Therefore, we note that it suffices to evaluate the both of 
the equation (j5.28p at Ig G G. 
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First, we compute {X^pqs{M, N)}{1q) for 1 < p < g < 3. Since {s{M, N)}^^q(^x) is the 
monomial basis of {Sx (M)), we obtain 

{K{Epp)s{M, N)}{U) = j^s{M, N){U) = j;'A{M, N) , 1 < p < 3, 

{k{E2i)s{M,N)}{U) 

= {nn-n22)s{M,N{ »« + {n^ - n23)xAN)s{M, N { °° ) [-l])(l6) 

= (mil - m22 + 1)A(M ( ) ,N) + {mu - mss + 1)x-'\M)A{M ( 7) [1], A^) 

{k{Esi)s{M,N)}{U) 

= (nss - n22)s{M, N ( ))(l6) + Ci{N)s{M, N ( ) [-l])(l6) 
= (m33 - m22 - 1)A(M {\'),N) + {Ci{M) + 1)A(M ( V ) [l],N), 

{k{E32)s{M,N)}{1g) 

= (n22 - nMM, N + {n22 - nsa + 6{N)}x+{N)s{M, N 

= {m22 - mas + 1)A(M ( V ) , A^) + {^22 - rngg + 1 + 5(M)}xV"" (A^)A(M ( V ) [1],N). 

by Proposition 13.11 and the equations (13. 2p . (13. 2p . Moreover, we obtain 

{Eas{M,N)}{le) = 0, aGS+, 

{/?ps(M,Af)}(l6) = (z^p + Pp)s(M,iV)(l6), 1 <P< 3 

by the definition of principal series representation. By above computations and Iwasawa de- 
composition in Lemma l5.4t we obtain 

{X+pps{M,N)}{U)={i^p + Pp + -fPA{M,N) , l<p<3, 

{X+i2s{M, N)}{1q) =(mii - m22 + 1)A(M ( ^ ) , N) 

+ {mi2 - m23 + l)x^l'\M)A{M ( «/' ) [1], iV), 

{X+i3s(M, 7V)}(l6) =(m33 - m22 - 1)A(M ( V ),N) + {Ci{M) + 1)A(M ( V ) [l],N), 

{X+23S{M, iV)}(l6) =(^22 - m33 + 1)A(M ( V ) , N) 

+ {m22 - m33 + 1 + 6(M)}x'+'\M)A{M ( V ) [l],N). 
Let ux{N) be a column vector of degree dx which is defined by 

liN)-l d^-liN) 

*(0~^^,1,0~^^) ifMGG(A), 



otherwise . 



We denote by X+pgSx (M) the vector of degree dx whose l{N)-th component is X^pqs{M, N). 
Then we obtain 

{X+ppSx (M)}(l6) ={^p + pp + 7p")ua(M) for 1 < p < 3, 

{X+uSx (M)}(l6) =(mi2 - m23 + 1)x'-"\M)ux [M ( 7 ) [1]) 

+ (mil - 77122 + 1)UA (M(7)), 
{X+i35a (M)}(l6) =(Ci(M) + 1)UA (M ( V ) [1]) + (^33 - m22 - 1)UA (M ( 7 )) , 
{X+2zSx (M)}(l6) = (m22 - m33 + 1 + 6{M)) xV''(M)ua (M ( ^ ) [1]) 

+ (m22 - m33 + 1)UA (M ( V )) • 
Let us compute {C^^^Sx {M)}{Iq). 
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Since 

L^^, (( ) [-m]) . n,{N) = cf,^.,,^, (iV [m]) u,[+,,] (iV (^f ) [m]) 

for A'' G G(A), we obtain 
(5.30) 



5; i.^,,- (( ) i-m]) X+n (M) (Ig) 



4»((°-2')[-"i])®^+ll 

E ^+^.- (( °- ) [-m]) ) • {X+n^A (M)} (le) 



m=0 



TO=0 

'■[ij;22l 



m=0 

(5.31) 

I ( E ^+«.- (( ) [-m]) ® j 5a (M)| (le) 

/'"[y;i2] \ 

= E ^+iJ (( ) • {X+i2Sx (M)} (le) 

\ TO=0 / 

'"fe;i2] 

= (mi2 - m23 + I)X^^'(M) E ir,i2-M (^'^') [m + 1]) u, (m ('^'f ^) [m + 1] 

m=0 

r{ij;12] 



+ (mn - m22 + 1) E 4;i2;H ("^ 'p) H) "a (m [XP) [m]) , 

m=0 

nii;l2]+l . 

= E ("^12 - m23 + l)x^-''(M)cf,^.i2;„_i] (m ('='{2^^) h) ua (m (^'f ^ j h) 

m=0 

+ (mn - m22 + l)4,,,2;m] (T) N) }ua (m (^f ^) 



(5.32) 

I E' (( ) ® ^+13^ 5a (M)| (le) 

= E (( ) l-m]) ■ {X+isS, (M)} (le) 

V m=0 / 

= (Ci(M) + 1) E Cf.,;n;„^l (T) + ^0 (T) + ^0 

m=0 

+ (m33 - m22 - 1) E ^fo;i2;m] (T) ["^0 (T) ["^0 

m=0 
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m=0 ^ 

+ (m33 - - l)cf,,,i2;™] (^^ (T) H) (m (''f ^) [m]) . 



By the equations (|5.30p . (|5.3ip . (|5.32p and Lemma [531 we obtain 

\ m=0 m=0 

+ E ) [-"^0 ® ^+13 (M) (le) 

m=0 / J 

^fo-;22] 

= {i^i + P1 + 7f + %(M)) cf,^.22;H (m ( ^2^^) H) ua[+.,] (m ( V2^^) N) . 

m=0 

Similarly, 

(5.34) I 4n [-m]) Sx (M)| (Ig) 

/'■[ii;021 \ 
= E ^+^.- [-"^0 • i^+225A (M)} (le) 

\ m=0 / 

riij:02] 

= (^2 + P2 + 1^') E 4-;02;™] I"^]) UA[+.,] (a/ (^^f ) [m]) , 

m=0 

(5.35) ^i^J (C'oO i-^]) ^ X+23j Sx (M)| (le) 

/'■fo-;Oil \ 

= E (("oO h"^]) • {^+235a (M)} (le) 

\ m=0 / 

''[ij;011 



m=0 



(m22 - + 1 + 5(M))xV^'(M) cf^^.Q^^^] (m ('='{2^^) [m + 1]) 
m + 1] 

_ _;01] 

+ (m22 - m33 + 1) E 4;0i;H (V^^) H) ua[+.,] (m (^f ^) [m]) 

m=0 

,;011+1 . 

E ("^22 - m33 + 1 + 5(M))xV-'^ iM)4r,oi;n.~i] 



m=0 



+ (m22 - m33 + l)4,.,oiM (T) H) }ua[+.,1 (m (''^f ) [m]) . 
By direct computation from the equations (|5.34p and (|5.35p . we obtain 

{/'"[»j;02] '-•[ijiOi] \ >j 

E ^+«. ((°") [-"^0 ® ^+22 + E [-"^0 ® ^+23 Sx (M) (le) 

\ m=0 m=0 / ) 
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'■[ii;021 

m=0 

Similarly, 

(5.37) (( "0 ) [-"i]) ® ^+33 Sx (M) (le) 



m=0 

/f[ij;001 



5] L^,,. (( - ) [-m]) • (M)} (le) 

m=0 / 

'-[iilOO] 

(^3 + P3 + 7f ) E 4;00;H (^^ H) Ua[+.,] (m 



m=0 

■[iiioo] 

m 

m=0 

Summing up the equations (|5.33p . (|5.36p and (|5.37p . we obtain 
(5.38) {C^,SxiM)}{U) 

'^[ij -,22] 

= (^1 + P1 + 7f + %(M)) ^ cJ^,22;H {m [XP) h) ua[+.,] (m [XP) N) 

m=0 



m=0 

'•[»j;00] 

+ (^^3 + P3 + E 4r,00M {m (^^f ^) [m]) u,[+,,.] (a/ (^'{0'=^) [m] 

By the remark at the beginning of this proof, we obtain the assertion of the case of (i). The 
case of (ii) is treated similarly. □ 

6. Examples of contiguous relations and their applications 

Here are some examples of the contiguous relations at the peripheral if -types. Moreover, 
as their applications, we determine the holonomic systems, whose solutions are Whittaker 
functions. 

6.1. Whittaker functions. For a unitary character ^ of A^^mm) we denote the derivative of ^ 
by the same letter. Since 

n/[n,n] ~ flei-ea ©062-63 ©0263, 

^ is specified by three real numbers ci2,C23 and C3 such that 

C{Ee-,-e2) = 27r\/^ci2, CiEe2-ea) = 2tt\^^C23 and i{E2e-i) = 27r\/^C3. 

When C12C23C3 7^ 0, a unitary character ^ of A^min is called non- degenerate. 

For a finite dimensional representation (r, V) of K and a non-degenerate unitary character 
^ of A^miri) we Consider the space C'^^{N^\y\G / K) of smooth functions ^p: G ^ Vr with the 
property 

ip{ngk) = i{n)T{ky^Lp{g), {n,g,k) G A^min x G x K. 
Here we remark that any functions ip € G^^{N^in\G / K) is determined by its restriction (/'Umm 
to Amin from the Iwasawa decomposition G = A^min^min-f^ of G. f\A^in is called the ^min- 
radial part of p. Also let Ind^^.^ (^) be the C°°-induced representation from ^ with the 
representation space 

(Ar^i„\G) = {ipG C°°(G) I ifing) = C(n)(p(g), {n,g) G A^„,in x G}, 
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on which G acts by right translation. Then the space C'^^{N^\^G / K) is isomorphic to 
Hom;^(V*, C|°(A'^mm\G)) via the correspondence between i e Homi<-(1^*, C|°(A''mm\G)) and 
fW G Cf^^{N^i^\G / K) given by the relation L{v*){g) = {v*,F^'\g)) for v* G and 5 G G 
with canonical pairing (, ) on y* xV . 

Let (tt, be an irreducible admissible representation of G, and take a ii'-type (r*, y*) of vr 
with an injective iC-homomorphism r]: V* ^ Ht^. Then, for each element T in the intertwining 
space J^,^ = Rom^g^^K){H^^K,C^iNmm\G)), the relation T{r]{v*))ig) = {v* ,^{T,r]){g)) {v* G 
V*, g £ G) determines an element $(T, r/) G G^^{N^i^\G / K) . Here Ht^^k is a subspace of 
Htj, consisting of all iC- finite vectors. Now we put 

Wh(7r, e, r) = U {$(T, r?) G C|^,(iV,,i„\G/i^) | T G J^, J 

and call Wh(7r,^, r) the space of Whittaker functions for (vr,^, r). We consider the Whittaker 
functions for the irreducible principal series representation vr = t^^cv)- 

6.2. The ib-chilarity matrices. We define the it-chilarity matrices as follows. 
Definition 6.1. The ib-chilarity matrices mi{G±) for 1 < i < 3 are defined by 



mi{G±] 




X±l2 X±is 
X±22 X±23 
X±23 X±3S 



7712 (C- 



±) 



Mill 

-M±12 
M±i3 



-M±i2 
M±22 
-M±23 



M±i3 
-M±23 
M±33 



and Tn3{G±) = det(mi(C±)). Here M±ij is (i, j)-minor of the matrix mi{C±) for each 1 < i < 
j < 3, that is, 



Mill 

M±i2 



-'^±22 -'^±23 

-'^±23 -'^±33 

-^±12 -^±23 

-'^±13 -'^±33 



M±22 
M±i3 



-^^^113 -'^±33 

-'^±12 -^±22 
-^±13 -^±23 



M±33 
M±23 



-^±11 -'^±12 

-'^±12 -'^±22 

X±ll X±i2 

X±i3 X±2:i 



Then we can find the following lemma immediately from the definition of the chilarity 
matrices. 

Lemma 6.2. For each 1 < i < 3, the element G2i = Tr(mj(C+)mj(C_)) in U{qc) is invariant 
under the adjoint action of K , that is, 

C2^ e U{Qcf = {X£ U{qc) I kd{k)X = X, k£ K}. 

Remark 6.3. In the case of Sp{n,'R), we can define G2i for each 1 < i < n belonging to 
U{qc)^ similarly. The operator G2i is essentially same as the so-called Maass shift operator 
in the classical literature Also, the chilarity matrices are used to construct the Capelli 
elements for a symmetric pair in [8] , recently. 

Now we consider a system of differential equations which are satisfied by the ^min-radial 
part of each element in Wh(7r,^,r) when r* is a multiplicity one K-type of '^(a,x)- Let A be 
the highest weight of r*. The elements G2, C4 and Cg in U{qc)^ defined in Lemma 16.21 are 
acting on the space G^{N^ir\G) as differential operators and acting on the space -^(0-,!/) as 
scalar operators. Therefore, each element $ in Wh(7r,^,r) satisfies the following system of 
differential equations 

C2i<^ =X2i,a,u,X<^ (1 < ^ < 3), 

where X2i,a,u,x is the scalar value for the action of the operator G2i. In the later subsections, 
we compute those values for peripheral iiT-types. 
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6.3. The chilarity operators in the cases of (tJi, (J2, 0-3) = (0, 0, 0), (1, 1, 1). In this subsec- 
tion, we consider the cases of ((Ti, C72, (T3) = (0, 0, 0), (1, 1, 1). We set M/ = ^ V/ j G G{{1, 1, 1)) 
for / G Z. Let £a- be the integer defined by e 

if (C71,(72,(T3) = (0,0,0), 

1 if (CTI, (72, 0-3) = (1,1,1). 

Since ((Ji, (T2, 0-3) = (0, 0, 0), (1, 1, 1), there are multipficity one iC-types T(j ^ {I = mod 2) 
of '^{a,v)- Let us compute the values of X2i,a,v,{i,i,i) (1 < ^ < 3). 

Lemma 6.4. (i) Let a he a character o/Mmin such that (ai, (72, 0-3) = (0,0,0), (1,1,1). For 
I = Ea mod 2, the following equations hold: 



Here 



^(1-2,1-2,1-2)^^^^^ 



2J-2, 



2) 



,(1,1-2,1-2) 

.{1,1,1-2) 



Cl';-'-^>S^{{l,l-2,l-2) 



c;33 s,((i,/,z-2) 

,1,1 
33 



C^iiQ ''Scr((/, I, I) 



dit^^s,{{i,i,i-2) 

C^}l~^'^~^^Sa{{l,l - 2,1 - 2) 



=s.((/,/-2,;-2)).i?(rJ-'''-'''-')), 

--SA{l,lJ-2))-R{T%-'^'-'^), 

-s,{{i,i,i))-R{r%'t'^), 
=s,((/,z,/-2))-i?(r^'4')), 

=S,((/,Z-2,Z-2))-i?(r^'^^')), 

--S^{{1 -2,1-2,1-2)) ■ ii:(r^'i~^''~^^). 



7(/-2,/-2,/-2) 

•'+11 




^(/,i,i-2) _ 
'-'+33 ~ 

i?(rJg-2) 



C^^'^') = 12 



( -^^+33 — 2X_|_23 -^^+22 2Jr+i3 — 2X+i2 -^+11 ) 
| = ( 1/3 + ^-1 U2 + 1-2 Ui+l-3), 
( X-33 \ 

/us-l + 1 

, i?(r^'4')) = 12 ^2-/ + 2 

\u,-l + 3 

-A_i2 ^ 

V ^-11 / 
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c 



(1,1,1-2) 
-22 



/ X__22 2X_23 
— X_i2 — 

—X^i2 — 








(Z,/,/-2)x 
22 J 



+ 1 1^3-1 + 1 

+ 1 V2-1 + 2 




c 



(1,1-2,1-2) 



-11 



2X_i2 2X_i3 X_22 2X_23 -^^-33 ) j 
= ( Z^l - / - 1 Z^2 - ^ J^3 - ^ + 1 ) • 

(^iij The elements C2i {i = 1,2,3) are represented by the p±-matrices C^^^ as follows: 



^^-p(/,i-2,Z-2)^ 



C2 = —C 



1 --(1,1,1-2) ^(1,1,1) 



12 -+33 
1 

C 



20736 



-33 



33 ' 
C 



22 



1 

192 
•C 



-C 



(1,1,1-2) ^(1,1-2,1-2) 



-33 



-22 



■,(1,1,1-2) 
-22 



-,(1,1,1) 
-33 ' 



1 ^(1,1,1-2) p(l,l-2,l-2) ^(1-2,1-2,1-2) ^(1,1-2,1-2) p(l,l,l-2) p(l,l,l) 



11 



-11 



■ c 



-22 



33 



Proof. From Theorem 15.61 in the case of (ai, (T2, cts) = (0, 0, 0), (1, 1, 1), we obtain the assertion 
by direct computation. □ 

From above lemma, we obtain differential equations which Whittaker functions satisfy. 

Proposition 6.5. Let a he a character of Mjain such that (ci, (T2, era) = (0,0,0) or (1,1,1), 
and T he an element of the space X^^t^^^^^. For I = Su mod 2, we define a function (f)T,i G 
C^{Njam\G) hy the equation <I>(T, S'(;^^ (M;)) = (px,i fiMi)*. Then 4)t,i satisfies following 
differential equations: 

C2i4>T,l = X2i,a,u,(l,l,l)(l>T,l (« = 1, 2, 3). 

Here 
(6.1) 
(6.2) 



X2,.,.,(i,i,i) ={^l -{I- 3)^ + {vl -{I- 2)^ + {4 -{I- 1)'}, 
X4,.,.,(M,0 ={^l -il- 2)'}{^l -il- 2)'} + -{I- -{I- If} 

+ {4 -{I- i)'}{^l -{I- 1)'}, 
x,,.,u,(i,i,i) ={yl -{I- i)'}{^l -{I- -{I- If}- 

Proof. Let X2i,cT,v,(i,i,i){^ = 1> 2, 3) be the complex numbers defined by the equations (|6.ip . ()6.2 
and (j6.3p . From Lemma 16.41 and S{i^i^i-^ i^i) = s{Mi,Mi), we see that 



(6.3) 



C2s(Mi,M0 



1 



^2KM,,M0i?(rJ'4'-2)) • i?(r^g)) = x2,.,.,(M,o^(^''^0- 



Similarly, we obtain C2is{Mi,Mi) = X2i,a,u,(i,i,i)s{Mi, Mi) {i = 2,3). Since 4>t,i = T{s{Mi,Mi)), 
we obtain the assertion from these equations. □ 

6.4. The chilarity operators in the case of (cji, (J2, o"3) / (0, 0, 0), (1,1,1). In this subsec- 
tion, we consider the cases of ((Ji, (T2, CT3) 7^ (0,0,0), (1,1,1). Let e^, S^-i G {0,1} {i = 1,2,3) 
be the integers defined by 



11(^1,(72,^3) = (1,0,0), (0,1,0), (0,0,1), 



and da-. 



if £0- — = 0, 

1 otherwise . 



1 if ((71,(72,(73) = (1,1,0), (1,0,1), (0,1,1), 

In the cases of ((7i, (72, (73) / (0, 0, 0), (1, 1, 1), there are multiplicity one K-types T(/+i,/,/) and 
^1,1,1-1) = mod 2) of Tr(^a,u)- Let us compute the values X2i,a,u,(i+,i,i), X2i,a,u,(i,i,i-i) (1 < 
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Lemma 6.6. (i) Let a he a character of M,^i^ such that (ci, (72, (73) 7^ (0,0,0), (1,1,1). For 
I = Ea mod 2, the following equations hold: 



Clt2''~^'-^%i{l + 1,1-2, -2)) =S,((/ + 1,1,1- 2)) . R{Tlt2'''''\ 
cf+3'''''-')s,((/ + 1,1,1- 2)) =S,((/ + 1, 1, 1)) . RiTlt3''''~\ 

cUt'^s^i(i,i,i- 3)) =s^i{i,i,i- 1)) • Rirlit'^), 

^il-i,l-2,i-2}^^^^^ - 1, / - 2, / - 2)) =S,((/, / - 1, / - 2)) • R{rl~^''-^''-^^), 

clit'^iiW- 1)) =s,((/ + 1,1,1)) ■ i?(rji'-'^), 

^(,_2,,_2,i-3)g^^^^ - 2, Z - 2, Z - 3)) =S^{il -1,1-2,1-2))- i?(rj73 ''"^''"^^), 

cli-'''-^%{{i,i- 1,1- 2)) =s,((/,z,/ - 1)) • R{rli-'''-^\ 

Cli;^''-^^S,{{1, / - 2, Z - 3)) =S,((/, Z - 1, Z - 2)) • R{r%-^''-^^), 
^(i+i,M-2)g^((^ + 1, Z, / - 2)) =S^((Z + 1, Z - 2, -2)) • i?(r^+'''''"'^ 

dts'^'^s^iii + 1, z, /)) =s.((z + 1, z, z - 2)) • i?(r^+3^'''')), 

C^at'^S^iil, I, I - 1)) =S.((^ l, 1-3))- RiT^t'^), 
C^}l-^'^-^)s^{{l, 1-1,1-2)) =S^((Z - 1, Z - 2, Z - 2)) • R{r^!_i~^'^~^^), 

c^+3^'^'^)s,((z + 1, z, z)) =s,((z, z, z - 1)) • ii;(r^t3 ''''^), 

C^^3^''"^''"^^S^((Z - 1, Z - 2, Z - 2)) =S^{{1 -2,1-2,1-3)) ■ R(T^!_~^'^~^'^~^^), 

CS3 "'^s,((z, z, z - 1)) =s,((z, z - 1, z - 2)) • R{r^lit^^), 

C^23~^''~^^S^((Z, Z - 1, Z - 2)) =S<,((Z, Z - 2, Z - 3)) ■ i?(r^'23 ^''"^^). 



The explicit expressions ofC^^j and R(r^j^j) 



in the above equations are given as follows: 



,(1+1,1-2-2) 
■+22 



2 X+23 
X+33 



X+23 ^-^^+13 —X+12 
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( 



^(/+l,/,i-2) 
^+33 



X+33 

-2X+23 

X+22 

X+33 

2^+13 — 

— 2X+23 -^+33 

— 2X+12 X+22 

-^^+22 — 2X+23 

X+22 

2X+13 

-^^+11 —2^+12 










—2X+12 2X+13 

-2Js:+i2 

X+n 



^+33 



v 








^+11 / 










— 2X+23 


-^^+22 


2X+13 


— 2X+12 


x+n 








-'^+33 


— 2X+23 




2X+13 


-2X+12 














X+33 


— 2X+23 


X+22 2X+13 


— 2X+12 X+ii 



c 



(1-1,1-2,1-2) 
+12 



C 



(1,1,1-1) 
+13 



c 



(1-2,1 
+13 





^(i,/-l,i-2) 
^+23 



-^+23 ^+22 -^+13 
--^^+33 ^+23 
-X+33 



— X+33 -^^+23 —-'^+13 

-2X+12 — X+12 
— -^^+13 -^^+13 
^+23 



2X+23 






X+ii 




— X+12 





^+11 


— X+22 


— ^+13 


-^^+12 / 



-,(1,1-2,1-3) 
"+23 



— -^^+23 


— X+33 




















X+22 


-^+23 




















-^^+13 





— X+23 


— X+33 














— 2X+12 


■-X+13 


x+22 


-^+23 














— X+12 


-''^+13 


x+22 


2X+23 


— X+23 


— -'^+33 
















— X+22 


x+22 


-'^+23 














-^^+13 











— X+33 





X+11 





— 2X+12 


— -^^+13 








-^+23 











— X+12 





-^+13 





2X+23 


— X+33 





x+11 





x+12 


— 2X+12 


—-^^+13 


— X+22 


^+23 














— X+12 


-^+13 


— X+22 


2X+23 

















— X+12 





— X+22 








-^+11 











— -^^+13 






















x+12 


— ^+13 

















x+11 





x+12 
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^{1+1,1,1-2) _ 
^-22 ~ 

t I 3X_22 
6X_23 
3^-33 
















-2X_i2 
— 2X_i3 — 2X_i2 
-2X_i3 



X_22 -Zyi__i2 U 

4X_23 -2X_22 -4X_i3 
2^-23 -^^-22 — 2X_i3 — 2X_i2 





X_n 


-2X_i2 













X_n 




— 2X_i3 2X_i2 
— 2X_i3 — 2X_i2 
-2X_i3 




2X_23 — 1X_22 
3^-33 — 2X_23 X-22 



2-'^-33 







V 



qW-^) ^ 24 





-^^-33 









--^^-33 
2-^^-33 
-^^-23 
— 3X_23 



-2X_i3 

3X_i3 

-4X_i2 








-^^-33 
—-^-23 

^-22 
2X_i3 

-2X_i2 

3X_n 



— 2X_22 

— 2X_23 










3X_n 






-6X_i3 




3X_33 










2X_n 
3X_n 







2X_i2 
-2X_i3 

-4X_i3 


— 2X_23 



\ 












3X_ii 

3X_ii 



2X_i2 

4X_i2 

-2X_i3 6X„i2 

X-22 . 

-2X_23 3X_22 / 



^-12 — 



-13 



•'-13 



—-^^-13 —-'^-22 


-X. 


-23 — 2X_23 


—-'^-33 





X_i2 


-X. 


-13 -^^-13 





—-^-23 


X_n 


2X. 


-12 -^^-12 


-^^-13 


-^^-22 


/ _X_i3 -X 


-23 


--^^-33 \ 






= 2 X_u X_ 


22 


-^^-23 , 






V -X_n -X 


-12 


-^-13 / 









—-^-33 
-^^-23 
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.{1,1,1-1) 
'-23 



,{l,l-l,l-2) 



-23 



8X-23 
— 8X-22 

-4X_i3 

—-^-12 




-3X_n 
X_n 









/ -^-23 
—-^-22 
—-'^-13 
X-12 




V 

8^-33 
— 8X_23 



6X_i3 

-5X_i3 





-3X_n 
2X_n 







-^^-33 
— -^^-23 



-^-13 
— -^^-13 
X-12 







4X_23 
— 2X_22 
— X_22 



— 8X_i3 
5X_i2 
X-12 






-8X_n 





\ 


-^-33 



—-^^-23 

-^^-22 

-^^-13 
-^-12 J 





8-^^-33 
— 2X_23 

-5X_23 
4X_22 



7X_i3 

-5X_i3 
-2X_i2 

4X_i2 



-4X_n 







4X_33 
-4X_23 

2X_23 
-4X_22 



-7X_i3 

5X_i2 
2X_i2 













— 2X_33 

3-^^-33 
-4X_23 






5X_i3 

-6X_i3 

8X_i2 



-8X_n 










8-X'_33 
—-^-23 
-5X_23 
-^^-22 
2X_22 


8X_i3 
-4X_i2 












—-^-33 
3-'^^-33 
-^^-23 
-6X_23 

8X_22 



4X_i3 
— 8X_i2 



the case o/ (o"i, (72, (T3) = (1,0,0), (0,1,1). 



( V2 + I vi + l-2 \ 

Z/3 + /-1 vi + l-2 

+ 1^2 + 1-2 

V -{1^2 + 1-1) J 

1^3 + 1-1 U2 + I-2 ui + l-A 0), 



^(r+33 = ( ^^3 + ^- 1 1^2 + / -2 z/i + Z-4), 



{1-1,1-2,1-2). _ 



^(r+12 

T^/T-^f/— 2,/— 2,/— 3)\ 

+13 J 

^(ri23 



J^2 + i 
J^3 + ^ - 1 



i?(rS^')) = -2(^.1 + z). 







- ( 1/3 + / - 1 1/2 + ^ - 2 ) 

V2 + I-2 1/1 + /- 3 
(z/3 + / - 1) 1^1 + / - 3 



{1,1-2,1-S)^ ^ ^ Z/2 + i - 1 

3(j^2-0 3(1/3 -/ + 1) 



i?(r^22''''~^^) = 2 1/1-^ + 2 3(1^3-^ + 1) 2(zy3-/ + l) 

\ vi-l + 2 U2-1 + 4. -2(1/2-0 

/ 4(z/3-/ + l) \ 



^(r^s''"'^) = 6 



R{r^lii ^^) = 24 



4(z/2 - / + 2) 
2(z/i - Z + 4) 
V -(^^1-^ + 4) J 

Ji^-pi^-1,1-2)^ = - ( 1/2 - / Z/3 - / + 1 ) , RiV^lts'''^) = -2(^/1 - Z), 



Z/3 - Z + 1 

z/2 - Z + 2 
3(1/^ - Z + 4) 
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^{^ -23 J 



( -2(z/2 - -2(z/3 - « + 1) \ 
-8(z/i - Z + 3) 

-8(z/i -1 + 3) y 



i/ie case of (o"i, (72, cr3) = (0, 1, 0), (1, 0, 1). 

/ I/2 + / + 1 








V 



1^3+1 

ui + l-l 

1^3+^-1 1^2 + 1-3 J 



^(r?33'""^^) = ( ^^3 + ^-1 Z^2 + i-l Z^2 + ^-3 Z/i + Z-3), 

^(pa,M-3)^ 



2(^^2 + 0, 



33 y — V ^3 + ^ - 1 Z^2 + ^ - 3 Z/i + ^ - 5 ) , 

a-i,/-2,/-2)s _ o / -(z^i + 

i - 3 1^ + / _ 1 

(j_2,/-2,/-3)^ = 2(1.2 + / - 2), i?(rg3 = ( -(1.3 + / - 1) 1.1 + Z - 2 

{1,1-2,1-3)-, _lV2 + l-2vi+l-A 

-(1.3 + /- 1) -(1^2 + ^-3) 

V2-1-1 3(1/3-^ + 1) 1^3-^ + 1 

i?(r^22 = 2 I 3(i/i -1 + 1) ^{v3-l + l) 

1^1 -Z + 1 3(1^1-/ + !) (z.2-^ + 3) 

/ 4(1/3 - / + 1) \ 



i?(r 



+23 



(1+1,1,1)-. 
33 J 



6 



{1^2 - 
(/.2 - Z + 4) 
\ 4(^/1 - / + 3) / 



24 



J/3 - ^ + 1 
3(1/2 - / + 3) 



(™) = 2(.2-0, 



^^j.a-i,;-2,i-2)^ = 2(1/2 - / + 2), i?(r^'2^'"'0 



z/3 - / + 1 

-(i/i -Z + 2) 



^^pa,^-i,«-2)^ 



/ -8(1/2 - / + 2) \ 

-3(1/1 -/ + 4) -(z/3-Z + l) 

z/i - / + 4 3(z/3 - ; + 1) 

V 8(z/2-/ + 3) y 



i/ie case 0/ (cri, (T2, <T3) = (0, 0, 1), (1, 1,0). 



/ -(z/2 + l- 1) 



ii:(rJ+2''"^'"^^) = 2 





1^2 + 1 vi+l-l 

1/3 + Z i/i + Z - 1 

V 1/3 + / i/2 + z-2y 

^(rjaa''"'"^^) = ( i.3 + / i.2 + /-2 i/i + Z-3), 
^(rfS"^^) = ( i^3 + ^-2 1/2 + Z- 4 i/i + Z-5), 



^(.J^ +12 



Vl + l 



Rivf^t'^) 



-2(^3 + 0, 



Z/2 + / - 1 

^^p(i-2,i-2,;-3)^ = -2(1/3 + / - 2), i?(rg3 '''-'^) = ( 1/2 + Z - 1 I/l + Z - 2 ) 
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„,-p(Z,Z-2,i-3)^ / -{U3 + 1-2) Ui+l-A 

-KIJ- +23 



(/+l,/,Z-2)x 
22 J 



^^p(/-_l,/~2,/~2). 



-(1/3 + / -2) -(zy2 + /-3) -(z^2 + /-4) 

2(z^2 - / + 2) z^2 - / - 2 - / 

2 ( 2(zyi - / + 1) 3{ui -l + l) - / 

3(z^i - / + 1) 3(z^2 - ^ + 2) 

/ -(^3-0 \ 

24 



3(z.3 -1 + 2) 
U2-1 + 4: 
1^1-1 + 5 



2(1^3 - I) 
4(1/2 - / + 2) 
\ 4(1/1 - / + 3) / 

ui-i z/2-^ + 1), i2(r^t3'''')) = -2(1/3-0, 

■ 1/2 - / + 1 
i/i - / + 2 

\ 



.2(^.3-/ + 2), R{T 



23 J 



/ 8(1/3-^ + 2) 

8(z/3 - ; + 2) 

-3(z/i - / + 4) z/2 - / + 1 

\ 2(7^1-/ + 4) 2(1^2-^ + 5) / 



(ii) The elements €2% {i = 1,2,3) are represented by the p±-matrices C^^^ as follows: 



C2 











C2 











C2 













C4 











C4 



1 r^(«+l,«,«-2) ^(«+l,«,0\ 
24 I +33 '^-33 "'"'^'"+13 '^-13 J 



,i-3) 

J2 I "+33 ' -33 



72 \ +3. 

1152 1^+33 



C^^t,t,t — ±y -| ^ ^(/,/ — 1,/ — 2) ^(/,/,/ — 1) 1 
dq — iDU_|_23 ■'-'-23 M 



/-2) ^{1+1,1-2-2) p{l+l,l,l-2) p{l+l,l,l) 



+22 



22 



33 



"'*'"+13 ■ '--+23 ■ ^-23 ■ ''-13 J 



]_( {1,1-1 
"72 I +23 



i-2) ^(/-l,/-2,/-2) ^(Z,Z-l,Z-2) 



-12 



12 



23 




























+ 3C 



(/,/-l,/-2) ^(«,«-2,«-3) ^(/,/-l,/-2) 



-23 



+23 



23 



-23 J' 



i r^(i,«,i-l) ^(/,/-l,/-2) ^{i-l,i-2,«-2) ^{1,1-1,1-2) Ml,l,l-1) ^(/+l,/,/)\ 

1441 ^-"^^ ■''+23 ■''+12 ■''-12 ■''-23 ■''-13 J 

1_ r^{«,«-l,i-2) ^{1-1,1-2,1-2) ^{1-2,1-2,1-3) 
'144 I ■'"+12 ■''+13 



X C 



{1-1,1-2,1-2) ^{1,1-1,1-2) p{l 



-13 



-12 



\,l,l-l)\ 
23 J- 



Proof. From Theorem 15.61 in the case of {ai, a2, CT3) / (0, 0, 0), (1, 1, 1), we obtain the assertion 
by direct computation. □ 

From above lemma, we obtain differential equations which Whittaker functions satisfy. For 
/ G Z, we set 



m(;) = Ml ( \7 



m/I^ = Mi 1 0-1 
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Then G{{1 + 1, 1, 1)) = {M^^ | j = 1, 2, 3} and G{{1, 1, 1 - 1)) = {Mg^ \ j = 1, 2, 3}. For I = 

mod 2, let M^"'^^ and M^"''^^ be the unique element of Gai{l + 1,1,1)) and Ga{{l,l,l - 1)), 
respectively. 

Proposition 6.7. Let a he a character of M^i^ such that (ci, (72, ca) is neither (0,0,0) nor 
(1, 1, 1), and T he an element of the space 2$,7r(^ ^-^ ■ 

(i) For I = £„ mod 2, we define functions 4>T\-j ^ C|°(-^min\G) {j = 1,2,3) hy the equation 

<^>(r,5(;+i,;,;)(M/"'^))) = E5=i4?i;i^5/(^/;iV- Then4l.„ '^Ti;2 ^nd 4}.^ satisfy following 
differential equations: 

r)(+ _L n(+ I n(+ - O , 

<?'T,i;l + 9t,1;2 + ^T,l;3 " X2,a,u,(l+hl,l)^T,l;i 



for i,j = 1, 2, 3. iJere 

= mi(C+)mi(C_), 



\ 

^11 ^12 ^13 > 

r,(+.-) n(+.-) n(+'-) 

-^21 -^22 -^23 

r,(+-) n(+-) r)(+-) / 

-^^31 -^^32 ^33 / 



X2,a,u,ii+m) ={^1 - - 3)'} + {^i -(.I- 2)'} + {lyl -{I- 1)'} - 2/ + 1, 

X4,a,u,ii+i,i,i) ={yl -{I- 2)2 - {21 - l)6^;i}{iyl -{I- 2)2 - {21 - 1)6^,2} 

+ {Vl -{I- 2)2 - [21 - 1)<5.;1}{Z/| - (/ - 1)2 - {21 - 1)5,;3} 

+ {A -{I- 1)' - (2^ - l)5.;2}{i^| - (/ - 1)' - {21 - 1)<5.;3}, 
X6,a,.,a+1,M) ={^l' - - 1)' - (2' - - - 1)' - (2/ - l)<^a;2} 

X {vl -{I- 1)2 - (2/ - 1)5„;3}, 

X2,CT,i/,(i+l,i,0 =I^1(^<7;1 + '^2'^<7;2 + ^'|5<7;3 " 

fiij For / = Efj mod 2, 7/;e define functions 4>rpi.j 6 C|^(A^niin\G) (j = 1,2,3) by the equation 

1>(T,5(i,,,i_i)(M/"''))) =E?=i<^?,l;,-®/(Mg))*- Then 4].^, 41,2 ^^d ^j-s satisfy following 
differential equations: 

'^2i<PT,l;j — X2i,a,u,{l,l,l-l)'PT,l;j^ 

n(-'+)A(2) I n(-.+)^(2) n(-'+)^(2) - r iVv , srA(2) 

- 'Pt,1;\ + -^i2 Vt,1;2 " ^^il '?>T,i;3 " {~^) X2,a,u,{l,l,l-l)(PT,l;4-i 

for i,j = 1, 2, 3. Here 

\ 

^11 ^12 -^^13 \ 

d!-'^^ Dis'^^ \ =mi{C.)mi{C+), 

^(-,+) £,(-,+) ^(-,+) / 

-^^31 -^32 -^33 / 

X2,a,u,m-i) ={^? - - 3)'} + {^1 -{I- 2)'} + {^1 - - 1)'} + 2/ - 7, 
X4,a,.,(i,M-i) ={^? - - 2)' + (2/ - 5),5,;i}{i/| - (/ - 2)2 + {21 - 5)6^.2} 

+ {uf -{I- 2)2 + {21 - 5)5,.,i}{ul -{I- 1)2 + {21 - 5)6^.3} 
+ {1.2 - (/ - 1)2 + (2/ - 5)S,.,2}{i^i -{I- 1)2 + {21 - 5)5,-3}, 
X6,a,u,(i,i,i-i) ={yl -{I- 1)' + (2/ - 3)S,.i}{vi -{I- 1)2 + {21 - 3)5,-2} 
x{ul-{l-l)^ + {2l-3)6,.,s}, 

X2,a,u,{l,l,l-1) =I^lSa;l + t'2<^(T;2 + I^i5a;3 - l^ ■ 
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Proof. From the Lemma 16.61 and the equations 
mi(C„)mi(C+ 



S{i+i,i,i){M^ 



-1 \ , 
1 =1 




[I 


-10 0/ * 










, s 







^-13 ^+13 ' 



{1,1,1-1 



(a;2)^ 



V s{mI 



we obtain 



'^^^T,l;j ~ X2i,a,u,{l+l,l,l)9T,l 



(- 



-) 



+) 
+) 
+) 



^32 

^12 
^22 
-'^32 




,ia;2) ^(2)^ 



^(2) 

X2i,a,u,{l,l,l-l)9T,l-j 
(1) 



(^,j = 1,2,3) 



(-;i) ^/i)^ 



i:2 ) 



( 



X2,(T,r^,(^'.'-l) 



-s(m; 



(^;2) ^^(2). 



(2)^ 

«;2 



V D^^'^' D)-'-' Df,'-' ) \ -s{M, 

From these equations, we obtain the assertion. 

Remark 6.8. Since and V(;^i^i_i) are three dimensional, the differential equations 

obtained from C2i {i = 1,2,3) do not suffice to characterize the Whittaker functions. 

6.5. Differential equations. To obtain the exphcit actions of the operators C2i, Zjj^'^^ (1 < 
^,J, ^ < 3), we may express these operators in the normal order modulo [n, n] with respect to 
the Iwasawa decomposition of g, according to the following lemma. 

Lemma 6.9. (i) Let 4)T,h '^tI-j' 't^T^n ~ 1)2,3) be the elements of C"^ {N^\y\G) defined in 
Proposition 16.51 and \6. 7\ The explicit expressions of the action of ic on these functions given 
as follows. 



□ 



(0,0,0), (1,1,1). 



the case of (cji, cj2, 0-3) 

K(Eii)cl)T,l 

the case of (fJi, 0-2, o"3) / (0,0,0), (1, 1, 1). 
k{E„ 



"I'm. 



1-% 



and 



{I -6. 



i-ij) 



a(2) _ / i\m+n+lx J,{2) 



(1 < i < 3), 
{l<j^k<3). 

(1<^,J<3), 

(1 < A; < 3, 1 < m / n < 3), 
(1 <i,j <3), 

(1 < A; < 3, 1 < m 7^ n < 3). 



(a) Let 4> S C'^{Nya\n\G)- For X G C/(nc), Y € U{ac) and a G A^iin, we have the equation 
{Ad{a~^)X)Y(j){a) = S,{X){Y(j)){a). In particular, for a = diag(ai, 02, 03, aJT^' ^2^^' % ^) ^ 
^min, we have 

d 



Hi(l){a) 



'dai 



(a) {l<i< 3), 



E, 



ei-e2S 



-lci2—(t>{a) 
02 
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X. 



£^62-63 (/)(a) = 2'K^/^C2■i—ct){a), E2e^(t>{a) = 27r\/^C3a|0(a), 

and Ea(j){a) = for a € S+\{ei — 62, 62 — 63, 263}. 

Proof. From the definition of 4>T,h 'Pt\-v ^t^h ~ 1)2,3) and Lemma 13. H we obtain the 
statement (i). The statement (ii) is obvious from the definition of C"^ {N-aar\G) . □ 

Moreover, we have the following lemma which is required to get the expressions of the 
elements in ^7(gc) in normal order. In the following, we denote X = Y for two elements X 
and Y in U{qc) when X - Y ^ [n,n]C/(gc)- 

Lemma 6.10. (i) The root vectors X±ij in p± have the following expressions: 

' H, + k{Eu) (i = j = l,2), 

^+^^--\ i?e,-e,+K(i?,.) ((i,j) = (l,2),(2,3)), 

Hi-K{Eii) (i = j = l,2), 
-'^ = \ - ^E,,) = (1,2), (2,3)), 

and X±33 = ±2V^E2e, + ± ^(^33), ^+13 = /^(^3l), ^-13 = -k(^13). 
(ii) Each {i, j)-minor M^ij in the matrix m2(C+) has the following expression. 

M+ll ={H2 — l)X+33 + X+33/t(£'22) — £'e2-e3-^+23 — -^^+23/^ (-£'32 ) , 

M+22 =(^^1 - l)X+33 + X+33/t(£ll) - X+nK{E3l), 

M+33 ={Hi — l)X+22 + ^+22't(-E'll) — -E'ei-e2-^+12 — -^+12/^ (-E'21 ) , 

M+12 =£'ei-e2-^+33 + -'^+33'^(-E'2l) — X^2Zl^{Ezi)., 

M+23 =(^^1 - l)X+23 + X+2ME11) - X+i2k{E3i), 

M+13 =£'e^-e2-^+23 + -'^+23'^(-E'2l) — X+22/^ (-E'31 ) . 

(Hi) Each (i, j)-minor M^ij in the matrix m2{C ) has the following expression. 

M_ii ={H2 - 1)^-33 - ^-33/1(^22) - ^e2-e3^-23 + X_23/«(^23), 

M_22 ={Hi - 1)X_33 - X-33't(^ll) + X_i3/t(£l3), 

M_33 =(^^1 - 1)X_22 - X^22t^{Eii) - Ee,-e,X^i2 + X_i2k(Ei2), 

M_i2 =Sei-e2^-33 " X-33'^(^12) + X_23^(^13), 

M_23 =(^^1 - 1)^-23 - X-23't(^ll) + X_i2k(£i3), 

M_i3 =Eei-e2^-23 " X_23'^(£^12) + X_22k(^13). 

Proof. The statement (i) is obvious from Lemma 13.41 The statements (ii), (iii) are obtain by 
direct computation using tables in the proof of Lemma |3.4[ □ 

By using above lemma and tables in the proof of Lemma 13.41 we have the following expres- 
sions of the elements D^^'^^ (1 < i,j < 3), C2k (1 < ^ < 2), m^{C±) in normal order: 
For 1 < I < 3, we have 

={Hi - 4)X_i, + X^uKiEu) + Ee,^,,X.2^ + X_2,k(£^2i) + X^3,k{E3i), 

=Eei-e2^-li + X^i,k{E2i) + (//2 " 3 + 6li)X^2^ + X_2i/^(^22) 
+ -£62-63-^^-31 + -'^-3i'^(-E'32) — '52i-'^ll, 

^Ih' ^ =X-Ul'^{E3l) + Ee2-e^iX^2i + -^-2i^(-E'32 ) 

+ (7^3 _ 1 _ + 2^E2e,)X^3^ + ^-3.^(^33) " 53^{X^ll + ^-22), 



and 



Dij^ '^^ ={Hi — A)X^ii — X^iiK{Eu) + i?ei-e2-'^+2j — X^2in{El2) — X+3iK{Ei3) 
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=-E'ei-e2^+li — Xj^iiK{Ei2) + {H2 — 3 + 6ii)X^2i 



^(-.+) 



-2i 



^2iX+ll, 
X+2il^{E23) 



+ {H3 — 1 — 5si — 2\/^£'2e3)X+3j — X+3jK(£'33) — (53j(X+ii + X+22). 

Here we denote -'^iji = X±ij (1 < i < j < 3). 

C72 = {Hi - 6)X_n + X_nK(^ii) + {H2 - 4)X_22 + X_22't(£^22) 

+ (//3 + 2^^263 - 2)X_33 + X-33't(^33) + 2^ei-e2^-12 



C4 



+ 2X_i2k(^2i) + 2£;e2-e3^-23 + 2X_23'^(^32) + 2X_i3A^(^3i). 

iH2 - l){{2V^E2e, + Hs)M.u + M_n(K(S33) - 2)} 

+ {i2V^E2es + ^r3)M_n + M_n(At(^33) - 2)}(k(S22) - 2) 

- El_^^M_n - 2Ee,-e,M^nK{E32) - M_nK(^32)^ 

+ (Hi - l){{2V^E2e, + H3)M^22 + M_22(At(^33) " 2)} 

+ {(2^^263 + ^^3)M„22 + M_22(ac(^33) " 2)}(k(Sii) - 2) - M_22k(^31: 

+ {Hi - 1){H2M_33 + M^ME22) - 2)] 

+ {if2M_33 + M_33(k(^22) " 2)}(ac(^1i) - 2) 



-E'ei-e2^^-33 



2^ei-e2M-33'^(^2l) " M_33'^(^2l) 



+ 2£;e,_e2{(2^^2e3 + ^^3)M_i2 + M_i2(^j(^33) " 2)} 
+ 2{(2^E2e3 + i^3)M_i2 + M_i2(ft(^33) " 2)}k(^2i) 

- 2{(2^/^S2e3 + ^3)M_22 + M_22(k(^33) " 2)} - 2E,,_,,M.23 

- 2{Ee,-e,M^12 + M_i2k(^32) " M_i3)k(^3i) + 2M_33 " 2M_23Aj(^32) 
+ 2{Hi - l)(Ee2-e3Af_23 + M_23/^(^32) " M_33) 

+ 2{Ee,-e,M.23 + M_23k{Es2) " M_33)(K(^n) - 2) 



- 2(£;ei_e2M_23 + M_23K(^2l))'t(^3l) 
+ 2i?ej— 62 (^62— 63 M_i3 + M_i3k(E32)) - 2^e2-63 

- 2{H2 - 3)M_33 - 2M_33k(^22) " 2M_23k(^32; 
+ 2{Ee,-e,M^13 + M.13k{Es2))k{E2i) 

- 2{{H2 - 2)M_i3 + M_i3k(S22)}k(^3i), 



M_ 



23 



m3(C+) ={Hi - 2)M+n + M+iik{Eii] 
m3(C_) =iHi - 2)M_n - M^iMEn] 



Ee,-e,M+i2 - M+i2k(^2i) + M+i3k(S3i), 
Ee,-e,M^l2 + M_i2/€(Sl2) - M_i3k(^i3). 



From above expressions and Lemma I6.9f i). We can summarize the explicit actions of the 
operators C2i (1 < « < 3) and ^j^'^"* (1 < j,k < 3) on the functions in Proposition 16.51 [6?71 

Proposition 6.11. The operators C2i (1 < « < 3) and D^^'^^ (1 < j,k < 3) acting on the 

functions 4>T,h '^rii' *^rii ~ 1)2,3) in Proposition 1 6. 5^ [g. 7| are 5i?;en as follows. 
• t/ie case o/ (cji, cj2, 0-3) = (0, 0, 0), (1, 1, 1). 

C24>T,i ={{Hi + l-Q)iHi-l) + iH2 + l- 4){H2 - I) 

+ {H3+l-2 + 2V^E2e,){H3 - I - 2V^E2e,) + 2^,^62 + '^EI_,Ut,i, 
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Ca<I)T,1 =[{{H2 + I - 3)(iJ3 + 1-2 + 2V^E2e,) - ^eVeal 

X {{H2 - I - l){Hs - I - 2V^E2e,) - El_,J 



+ iHi+l- 5)(i?3 + 1-2 + 2^/^E2es){Hl - I - 1){H3 - I - 2^f^E2e^) 
+ {{H, + I - 5){H2 + 1-4)- El_^J{{H, - I - \){H2 -I)- EI_^J 



+ 2Ei^_^^{H^ + 1-2 + 2V-lE2e,){H3 - I - 2 V- 1^263) 

C6<l>T,l ={{Hi +l-4.){H2+l-3){H3 + l-2 + 2V^E2e,) 

- El_M +1-4)- El_,.^iHs + 1-2 + 2V^E2es)} 



X {{Hi - I - 2){H2 - I - 1)(F3 -1-2 



IE- 



■263; 



-Et^_^^{Hi-l-2)-Et^_^^{H:, 
• the case of {ai, a2, cr^) / (0, 0, 0), (1, 1, 1). 



l-2V^E2es)}<pT,l. 



'Pt,1;1 ^ -^12 V^TJ;2 ^ ^13 



(1) 



={{Hi +l-3){Hi-l-3)+ £^eVeJ<^rj;l + Ee,-eAHl + H2 - 4)4'1;2 



+ -^61-62-^62— e3?^T];35 



D. 



21 



-'Tl-.'i 



22 



+ D. 



23 



£^ei-e2 (^1 + H2- Q)4>%^i +{{H2 + l-2){H2-l-2)+E^ 

+ E(,,2-e:i{H2 + — 2 — 2^/^E2es)4>^^l.2^ 



61-62 + -^62-63 }^t];2 



31 



1 + D, 



32 



''T,Z:2 



33 



+ Eei—e2Ee2—e3'pTd:l 

+ Ee,-esiH2 + Hs-4+ 2^f^E2e,)<t>'f^i.2 



+ {{H^ + l-l + 2V^E2es){H3 - / - 1 - 2V^E2es) + EX_^^}<t>'^^l.^, 
={{Hi + 1-Q + 5u){Hi - I - 6ii) + {H2 + l-4 + 52^){H2 - I - 52i) 

+ {H3 + l-2 + 63i + 2V-iE2es){H3 -l-63i- 2^E2e^) 

+ 2El_,^ + 2El_,^}4l^ 

— 2(5ii{2^^j.^ — £'ei_e20rj;2} ~ 2(52i{-E'ei-e2^Tj;l + 4\l;2 ~ -^62-63 0T,1;3} 
2(53j£'e2— e3 07'^|;2' 

=[{{H2 + ^ - 3 + 52i){H3 + 1-2 + 5M + 2V^E2es) - eI_,J 

X{{H2-1-1- 52i){H3 -I -hi- 2^f^E2e,) - El_^J 

+ {Hi + l-5 + 6u){H3 + l-2 + 63i + 2^E2e,) 

x{Hi-l-l- 6u){Hs -l-d^i- 2^E2e,) 
+ {{Hi + 1-5 + 5u){H2 + 1-4 + 52i) - El_,\ 



x{{Hi-l-l-6u){H2-l-6; 



2i) 



E. 



61-62 



} 



+ 2El_,^{H3 + l-2 + d3i + 2V^E2es){H3 -1-5: 



3i 



-IE2. 



+ 2El_,X2-es + 2^62-63(^1 + Z - 5 + 5i^{Hi - Z - 1 - 5u)}4li 
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+ 2Sii{-{{H2 + l-A){H2-l) 

+ {H3 + l-2 + 2^r^E2e,){H^ - I - 2^f^E2e,) + m 

+ Ee^_eA{Hz + 1-2 + 2v^^2e3)(^3 - / - 2v^^2e3 



£1-62 + 2-^62-63}^^Tj;l 



{H^-l-l){H2-l-l)+H^+H2-Q + i^eVe2 + ^62-e3}'/'?i2 



~ -£'61-62-^62-63 (-ffl + -f^2 + -^3 — ^ — 6 — 2a 



-IE' 



263 J 



+ 252i[ - Ee,-eA{H3 + 1-2 + 2^^^E2e^){H^ - I - 2^/^E2e,) 



-{Hi + l- 4){H2 + l-4)-{Hi+H2-4) + El_,^ 

-{{Hi+l-5)iH,-l-l) + El_,^ 
+ Ee.-eAiHi + I - 5){H, - I - 1) 

-{H2-l-l){H3-l-l- 2^E2e^) + E, 



+ ^e2-63}'^r];l 



+ 2El^_,^}4\. 



61—62 



+ E, 



62—63 



}4?,3} 



+ 2<53i{^61-62^62-63(^l + + i^3 + ^ " 7 + 2 ^^£^263 ) ^^j; 1 

+ Ee,-es{{H2 + I - 2){H3 + 1-2 + 2^E2e^) 



{H^ + l- 5){H, - / - 1) - El_,^ El-eM^Ti2}^ 



CQ4>T\i ={(^1 + ^ - 4 + 5u){H2 + / - 3 + 52^(^3 + 1-2 + 5s, + 2^E2e,) 

- El^^.^^{H, + / - 4 + - £;,Ve2(^3 + / - 2 + <53. + 2v^i?263)} 



X {{Hi -1-2- 8u){H2 -I -I- 62,){H3 - I - 5^^ - 2^E2 



£3 J 
(1) 



- <-e3(^^l -1-2- 6u) - <_e2(i?3 -l-Ssi- 2^ -lE2e,)}<t>^, 

+ 25u[ - 2El_^^{{Hs + 1-2 + 2V^E2es){H3 - I - 2V^E2es) + El_ej4ii 
- Ee,-eA{Hz + 1-2 + 2^/^E2es){Hi - I - 2){H2 - I - 2){H^ - I - 2^/^E2es) 



E. 



62 — 63 V 



{H3 + I-2 + 2V^E2es)iHi -1-2) 



- El_,^iHs + 1-2 + 2v^£;2e3)(i^3 - I - 2V^E2e3M 



(1) 

T,l:2 



+ Ee,-e,Ee,-eA{Hl - I - 2){H2 - I - l){Hs - I - 1 - 2V^E2e,] 

- El_,AHi -1-2)- El_^AH3 -I -I- 2V^^263)}<^S^'j;3} 
+ 2,52^{£;6i-62{(^i + l-S){H2 + l-3) 

x{H3 + l-2 + 2V^E2es){H3 - I - 2V^E2es) 



- El_,AHi + I - S){Hs -1-2- 2V^E2es) 

- El_,AH3 + 1-2 + 2V^E2es){H3 - I - 2V^E2es)}^?^i.i 

- 2El_^AHi + I - 4)(^i - I - 2)41^ 

- E,,^,,{Hi + I - 4){(i/i - I - 2){H2 - I - l)(i^3 - / - 1 - 2v^ 



-IE' 



E. 



62-63 



{Hi -I -2)- El_,AH3 -l-l- 2V^£;263)}<^i.'i.3} 



+ 2S3i{ - Ee,-e,Ee,-es{{Hl + I - S){H2 + I - S){Hs + I - 2 + 2V^E2es) 
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- El_,^{H^ + 1-3)- El_,^{Hs + 1-2 + 2V^E2e,)}4li 
+ Ee,-eAiHi + I - 4)(iJ2 + / - 2)(i73 + / - 2 + 2^/^E2es) 

- El_,^{H, + 1-4)- El_^^{Hs + 1-2 + 2V^E2es)}{Hi - I - 2)41^}, 



and 



-^11 ^T.l:3 ^ -^12 'Pt,1;2 



'12 



^(-,+).{2) 



^ + E,,_,,{H^+H2-4)4l^ 



- {{H, - I - 3){H^ + l-3) + <_ej41;3' 



-^21 ^T,l;3 ^ -^22 ^T,l;2 ^23 r'T,l;l 



= - Ee,-es{H2 + H3-2 + 2v^£;2e3)4'j;l 

+ {iH2 -l-2){H2 + l-2)+ El_,^ + El_,^}4\.^ - Ee,-eAHi + H2- 6)</)5?]. 



-^31 'rT.l:3 ^ ^32 'Pt.I:2 ^33 ^T.l:l 



'^T±3 



^32 



= -{{Hs-l-l- 2^E2e,){H^ + 1-1 + 2^E2e,) + El_,^}4>%^^ 



a(2) 



+ Ee2-e3{H2 + H^ - A — 2\/^E2ez)<t>T,l;2 ~ -^ei-e2-^e2-e3^T,Z;3' 
C2(t>Tii ={iHl +1-6- 5^i){Hi -l + 6s,) + {H2 + l-4- 52^)(i^2 - I + S2i) 



+ {H3 + l-2-6u + 2y/^E2e3)iH3 -l + Su- 2V^E2 



+ 2El_,^+2El_,j4l 



- 2Sii{26u(f>^^j.i - £;e2-e3<^U^T];2} " 2(52j{£^e2-e3'?!'r];l + 4>t}-2 " ^ei-e2'?!'Tj;3} 

— 253j£?e^_e2^^j.2) 

C^^T^l-i ={{(^2 + ^ - 3 - ,52i)(^3 + l-2-5u + 2V^E2e,) " ^eVesI 

x{{H2-l-l + 62i)iH^ -l + 6u- 2^E2e,) - El_^J 

+ (Hi +1-5- 53*)(i^3 + l-2-Su + 2V^E2e3) 

x{H,-l-l + 6^^){H^ - I + Su - 2^E2e,) 
+ {{Hi + 1-5- S3i){H2 + 1-4- 62i) - El_,J 

X {{Hi -1-1 + 53i){H2 - I + 52i) - El_,J 
+ 2El_^^{H3 + l-2-Su + 2V^E2e3){H3 - I + Su - 2V^E2e3) 

+ 2El_^^{{Hi +1-5- S3i){Hi -l-l + Ssi) + £^eVe2}}41;i 

+ 2Su{ - {{Hi + l-5){Hi-l-l) + {H2 + l- 3){H2 - / - 1) 

+ Ee,-e3{{Hi + l-5){Hi-l-l) 
- {H2 - 1){H3 - I - 2^/^E2e,) 

-{H2 + H3-2- 2V^E2e3) + El_,^ + El_,.^}4l., 

+ Ee,-e,Ee,-es{Hl + H2 + H^ - I - 3 - 2^£;2e3)</'T,i;3} 
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+ 2d2i{ - Ee,-es{{Hl +l-5){Hi-l-l) 
-{H2 + I- S){H3 + 1-S + 2^E2e^) 

-{{H3+I-2 + 2V^E2e,)iHs - I - 2^E2e^) 
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(2) 
'Tl:2 



+ i?e,-e.{-(^l- 0(^2-0 

+ (i^g + ^ - 2 + 2v^^2e3)(i^3 

+ ^e,-e.+^eVe3}0fj;3} 



-1^2e3) 



-E'ei -62 -^62-63 (-f^l + + -f^3 + ^ — 9 + 2 



+ 2<53i{ 

+ £;ei-e2{(^l+^-5)(i?2 + /-5) 

- (iJ3 + / - 2 + 2v^E2e3)(if3 - Z - 2v^£;2e3) 



\E' 



.(2) 



= + i - 4 - 



E: 



£2-63 



530(i^2 + / - 3 - 52^){H^ + l-2-5u + 2^ 



-E^ 

£2-63 



3(i^i + /-4-<53,) 
X {{Hi - I - 2 + 5si)(H2 



El_jH:i + l-2-6u + 2^ 

l~l + S2i){H3 



-1^263) 

"^^263)} 



I + 5ii — 2\/^E2e3] 



-El_^^{Hs-l + du-2y 



61—62 ^ 



-IE' 



2e3j 



E. 



62—63 > 



,iHi-l-2 + dsi)}4}.. 

+ 2Su{ - 2El_,^{{H, + / - 4)(i7i - / - 2) + £^eV62}41i 
-£;e2-63{(^^i + ^-4)(i?i-/-2) 
X {H2 - 1){H3 - I - 2V^E2e,) 
- El_,^iH, + I - A){H^ - I - 2^f^E2e,) 
-El_,(Hi + l-A){Hi-l 



- ^61-62-^^62 -63 {(-H'l - ' 



E. 



61-62 



(Hs-l- 2y 



2)}</'S;2 

-1){H2-1- 1){H3 - I - 2^/^E2e,) 
TE263)-i^62-63(^l-^-l)}4l3} 



+ 2<52i{£;e2-63{(^l + I - ^){H2 + I 



X {H^ + l-^ + 2^/^E2e,){Hl 
■El(H, + l-A){Hi-l-2) 



62-63 
3) 

1-2) 



-E: 



'2 

62—63 \ 
2 

61-62 \ 



{H3 + I-3 + 2V-lE2es){Hi - 



2E'^^_^^ {H^ + l-2 + 2V-lE2e,){H^ - I - 2^ -\E2e^) 

2 + 2v^^2e3) 
l)(i/2 -l-\){H^-l~ 2^E2e,) 



^rj;2 



— -Efil _f>T (i7^3 + Z 



^61-62 1 
x{(i^i 



+ 2<53i{ 



£;eV62(^3 - I - 2V^E2e,) - EI_^^{H, - I - l)}^].^} 



-^61—62-^62—63 



4){H2 + I - 3)(i?3 + Z - 3 + 2V^£;2e3) 
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62-63 > 



(Hi + l-A)- El_,^iHs + 1-3 + 2V^E2e,M 



(2) 
'T,i;l 



63^ 



+ Ee,-eAiHl + / - 4)(F2 + / - 4)(F3 + / - 2 + 2V^E2. 

- El_^.^iH, + / - 4) - El_^^iH, + 1-2 + 2V^E2e,)} 



X (i?3 - Z - 2a 



-IE' 



263;0r.l 



',';2 / • 



Proof. The actions of the operators C2i (1 < « < 2), ^j^'^"* (1 ^ j^k < 3) and ?Ti3(C±) are 
obtained by direct computation from the expressions in normal order and Lemma l6.9( i). 

We can summarize the exphcit actions of the operators C2i (1 < « < 3) and D^^'^^ (1 < 
j,k < 3) on the functions in Proposition 16.51 16.71 The action of Cq = m3(C+)rn-3(C_) is 
obtained by the composite of fohowing actions of 7713 (C+) and 7713 (C_): 
• the case of cj2, CT3) = (0, 0, 0), (1, 1, 1). 

ms{C+)^T,i-2 ={iHi +l-4.){H2 + l-3){Hs + l-2 + 2V^E2e,) 



E. 



62-63 



(/^, + / _ 4) _ El_,^{H3 + 1-2 + 2^^263 )}</'T,;-2, 



ms{C.)(PT,i =mi - I - 2){H2 - I - l)iHs - I - 2^f^E; 



E. 



62—63 



(^H^-l-2)-El_,^{H^-l 



263 ; 

2^/^E2e.,)}4>T,l. 



the case of (cri, 0-2, (T3) / (0, 0, 0), (1, 1, 1). 

m3(C+)4'l_2.i ={(^1 + ^ - 4 + 5u){H2 + 1-3 + 52i){H^ + 1-2 + 5^^ + 2^^263) 



i?e2-63 {Hi+l-A + 5u)- Et^^,^ {H^ + l-2 + 53. 



+ 2V-li?263)}<^Vj-2;i 

- 25ii{Eei^e2{Hz + 1 — 2 + 2\/^^E2ez)4>x\-2;2 ~ "^61-62 -£'62-63 'ATj-2;3} 

— 262iEe2-e3{Hl + I — ^)4'tI-2;3^ 

m3(C_)(^5lj.. ={{Hi -1-2- 6u){H2 - / - 1 - 62i){Hs - I - 83^ - 2V^E2e,) 

l-esiHi -1-2- 5u) - El_,^iHs -l-5u- 2^E2e,)}4l, 



E. 



+ 2£'e^^e2(-f^3 — I — 2 a/— 1^^263) (^21 0^1- 1 



— 2dsi{Ee^-e2E, 



61-62-^62-637^7^;.! 



E. 



62—63 



and 



m3(C+)4']_2;i ={(^1 + ^ - 4 - <^3.)(i^2 + / - 3 - 52i)(F3 + I - 2 - Su + 2V^E 



263 J 



E. 



62—63 
^61-62* 



(Hi + l-A- 63i) 



Ei-e,{Hz + l-2-6u + 2V^E2e,)}4L2-A 



25u{Ee,-eAHi+l-4:)(P^^ 



TA-2\2 



■0 + -^6l-62-E'62-63'?^J'j_2;3J 



— 2^24 £"61-62 (-f^S + 1 — 2 + 2\/^£2e3)07?j_2;3i 

m3(C_)4'].. ={{Hi -1-2 + 63i){H2 -1-1 + <52i)(^3 - / + 1 - 1 + - 2. 



-IE' 



— £61-62 (-f^3 — ^ + (^H — 2V^£263; 
+ 262iEe2-e3{Hl — I — '^)4't\-1 

+ 253,{£6i-62^, ''^'^ 



263 J 

£6^2-63(^^1 -^-2 + 53.)}</'?j, 



1 + £ei-62(-f^3 — ' — 2\/^£2e3)(/'^j.2} 



^61— e2-^62-63V^ji 7: 
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□ 

To state an explicit form of a holonomic system of partial differential equations satisfied by 
the ^-radial part of each element in Wh(7r(^,^), ^, r) for peripheral iiT-type r*, we introduce 
the coordinates x = (xi,X2,xs) and y = {yi,y2,y3) on A defined by 

Xl = f 7rCi2— ) , X2= i 7rC23— ) , X3 = 47rc3a|, 

yi = 27rci2— , y2 = 27rc23 — , ys = Aircaal, 
02 as 

for diag{ai, a2, as, a^^ , 0.2^ , a^^) G A. We use the coordinate x for the case of cr2, CJ3) = 
(0, 0, 0), (1, 1, 1), and use the coordinate y for the case of {(Ji,a2,crs) 7^ (0, 0, 0), (1, 1, 1). Then 
we have following theorem. 

Theorem 6.12. Let T be an element of the space I^^T^^^^y 

(i) If (J is a character of M^in such that (72, (T3) = (0,0,0) or (1,1,1), then there exist 
multiplicity one K -types ^i^i^i^ {I = mod 2). For I = Sa mod 2, the Whittaker function 
^{T, 8(^1^1 ^i-^ (Ml)) = f{Mi)* satisfies the following holonomic system of partial differential 

equations of rank 48: 

{{2d,, + I - 6)i2d,, + {-2d,, + 2d,, + I - ^){-2d„ + 23,^ - I) 
+ {-2d,, + 29^3 + / - 2 - xs){-2d,, + 29^3 -l + xs) 

- 8X1 - 8X2 - X2,a,u,{l,l,l)}(l>T,l = 0, 

{{{-2d„ + 2d„ + / - 3){-2d,, + 2d„ +l-2-X3) + 4x2} 

X {{-2d„ + 2d„ - I - l){-2d„ + 2d,, - Z + X3) + 4x2} 
+ {2d„ + I - 5) (-25^, + 2d,, +I-2-X3) 

X {2d„ - I - l){-2d„ + 2d„ -l + xs) 
+ {{2d„ + I - 5){-2d„ + 2d„ +l-4) + 4xi} 

X {{2d„ - I - l){-2d„ + 2d„ 4xi} 
- 8xi{-2d„ +2d„ + l-2- X3){-2d„ + 29^3 - I + X3) 

+ 32xiX2 - 8x2{2d,, + I - 5){2d,, - I - 1) - X4,a,,y,{l,l,l)]'pT,i = 0, 

[{{2d„ + / - 4){-2d„ + 2d„ + / - 3){-2d„ + 2d„+l-2- x^) 

+ 4x2(29^, + ; - 4) + 4xi{-2d„ + 2d„ +1-2- x^)} 
X {{2d„ - I - 2){-2d„ + 23,, - I - l){-2d„ + 2d„ - I X3) 

+ 4x2{2d,, -1-2) + 4xi{-2d„ + 23,^ - I + X3)} - X6,a,<.,(/,/,o}'^r,« = 0. 

(a) If a is a character o/Mmin such that (ci, (T2, (73) 7^ (0,0,0) or (1,1,1), there exists multi- 
plicity one K -types T(^i^iii), Ti^i^i^i-i) {l = e„ mod 2). 

Fori = e„ mod 2, Whittaker function ^{T ,8 iT,^^^i^x){M\"''^^)) = Y!'j=\<i>T\i ® Ji.^i'})* 
satisfy the following holonomic system of partial differential equations of rank 48: 

{{dyi + I - 3)(9yi -l-3)-yl- X2,a,u,{l+l,l,l)}<l>Tll 

+ V^yi{3y, - 4)(^Jj.2 - yi2/2(^?j.3 = 0, 
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+ {{-dyi +dy^+l- 2){-dy, +dy^-l-2)-yi-yl- X2,a,i/,(i+i,i,o}'^rj;2 

(1) 



(1) 



+ \/-\y2{-dy, + 2dy, - 2 + y3)4j;3 = 0' 



(1) 



+ {(-^y2 +2dy^ + l-l- yz){-dy^ + 25^3 - Z - 1 + ys) - 2/2 - X2,a,u,{i+i,i,r)]<pTMz = 0, 



+ Z - 6 + hi){dy^ - I - 5u) + {-dy^ +dy^+l-A + S2i){-dy^ + dy^-l- 62i) 
+ {-dy^ + 2dy^ + l-2 + 5zi- yz){-dy^ + 2dy^ - l-5zi + ys) 

- 2yl - 2yl - X2,a,v,{i+i,ii)]4>T\i - 2(5ii{20jj.-^ - 



- 252i{^y,4\, + c^'^>i.^ 



}-25: 



30 



0, 



[{{-dy, +dy,+l-S + S2i){-dy, + 2dy, + I - 2 + S^i - y^) + yl} 

X {{-dy, +dy^-l-l- S2i)i-dy, + 2dy, ~ I " S^i + ^3 ) + ^ f } 

+ (^j,, + / - 5 + 6u){-dy, + 29,^3 + / - 2 + ,53, - ys) 

X {dy^-l-1- 6ii){-dy2 + 2dy^ - + ys) 

+ {idy,+l-5 + 5u)i-dy, +dy^+l-4 + S2i) + yf} 

X {{dy^ - l-l- 5ii){-dy-, +dy.,-l- 82i) + yl} 

- 2yl{-dy, + 25j,3 +1-2 + 53, - y3){-dy, + 2dy, - I - 63, + ^3) 

+ 2ylyl - 2yl{dy^ + I - 5 + 5ii){dy^ - l-l- du) - X4.,o,u,{i+u,i)]^T]-i 

+ 25u{ - {{-dy, +dy,+l- 4.){-dy, + dy, - I) 

+ i-dy, +2dy,+l-2- ys){-dy, + 2dy, " / + ^3 ) " ' Syil^'j;! 

+ V^yi{{-dy, + 2dy, +1-2- y3){-dy, + 2dy, -l + y3) 

- (dy, - I - l)i-dy, +dy,-l-l)+dy,-Q-yl- yj} 



+ yiy2{2dy,, -1-Q + y3)<t)T]-3} 
+ 252i[ - ^nyl{{-^y^ +2dy,+l-2- y3){-dy, + 2dy, -l + ys) 

- (dy, + I - 4){-dy, +dy,+l-4)- {dy, - 4) - J/f - yj} ^j.^ 

- {{dy, +l-5){dy,-l-l)-yl- 2yi}4l.^ 
+ y/^y2{idy, + I - 5){dy, -l-l) 

- {-dy, +dy^-l- l){-dy^ + 2dy., - I - I + ^3 ) - J/N yi}<^Tj;3} 

+ 253i[ - yiy2{2dy^ +1-7- y^)(t>%,^ 
+ ^^^y2{{-^y, +dy^+l- 2){-dy^ +2dy^+l-2- yg) 



-{dy,+l-b){d, 



2/1 



l)+yl + yl}4>%^]=^, 
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{{{dy, +1-4 + Sli){-dy^ +dy^+l-3 + 52i){-dy^ + 2dy^ + I - 2 + " ^3 ) 

+ yl{dy^ +1-4 + 5u) + yfi-dy^ +2dy^+l-2 + Sai - ys)} 

X {{dy, -1-2- du){-dy, +dy,-l-l- d2i){-dy, + 2dy, " / " (Jg^ + 

+ ylidyi -1-2- (5ii) + yfi-dy^ + 2dy^ -l-5-ii + y^)} - X6,a,i/,(;+i,«,o}^T,l;j 
+ 25u[2yl{{-dy, + 2dy, +1-2- y^){-dy, + 2dy, - I + yg) - yl}4>Tli 

- ^/^yl{{-^y, +2dy,+l-2- ys){dy, - I - 2)i-dy, + dy, - I - 2) {- Oy, + 2dy, - I + y^) 

+ yl{-dy2 +2dy^+l-2- ys){dy, -1-2) 

+ yli-dy, + 2dy, +1^2- y;){-dy, + 2dy, - I + y^)}4\2 

- yiy2{{.dy, - I - 2){-dy, +dy,-l- l){-dy, + 2dy, - I - 1 + ^3) 

+ ylidy, -I -2) + yf{-dy, + 2dy,-l-l + y3)}</>?j.3} 

+ 262i{V^yi{idy, + I - 3)i-dy, +dy,+l-3) 

X {-dy., + 2dy,, +1-2- y^){-dy^ + 2dy2 -l + ys) 

+ ylidy, + I - 3){-dy, + 2dy, - / - 2 + ^3 ) 

+ yli^dy, + 2dy, +1^2- ysX-dy, + 2dy, - I + y3)}<^?];i 
+ 2ylidy,+l-4)idy,-l-2)4l, 

- V^y2{dy, + I - 4){{dy, - I - 2){-dy, +dy,-l- l){-dy, + 2dy, - I - I + ^3 ) 

+ yl{dy, -1-2) + yl{-dy, + 2dy,-l-\ + y^)}4l^] 

+ 2<53i{yiy2{(5j;, + I - 3){-dy, +dy,+l- 3) {- Oy, + 2dy, + I - 2 - ^3 ) 

+ ylidy, +l-3)+ yl{-dy, + 2dy, +1-2- y^)}(t>^Tli 

+ ^y2{{dy, + I - 4){-dy, +dy,+l- 2){-dy, + 2dy, + I - 2 - y^) 

+ yl{dy, +l-4)+ yl{-dy, + 2dy,+l-2- y^)}{dy, - I - 2)4].^] = 0, 
fori = 1,2,3. 

For I = Ea mod 2, Whittaker function ^{T,Sq^i^i_i){m['^'^^)) = Ei=i </'rj;i ® f^^ifj)* 
satisfy the following holonomic system of partial differential equations of rank 48: 



{{dy^ - l-3){dy^+l-3)-yi- X2,a,u,{l,l,l-1)UT};3 = 



-ly2(-9?;i + 2dy., - 2 - yi)4>T 11 



+ {{-dy^ +dy,,-l- 2){-dy, +dy^+l-2)-yl-yl- X2,a,v,{i,i,i-i)}(t>T]-2 

.(2) 



iyi(^2/2 -6)(^^j.3 = 0, 



- {(-^2/2 + 25j/3 - Z - 1 + y3)(-5y2 +2dy^+l-l- ys) -y'i- X2,a,u,{l,l,l-^)}^T};1 

+ V^y2{-dy^ + 2dys - 4 + y3)</>Tj;2 + yiy2<t>T];3, 
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{{dy,+l-6-S;,){dy,-l + S3i) 

+ i-9y2 + 25^3 +1-2- 5u- yz){-dy^ + 2dy^ - l + 5ii + y^) 

- 2yl - 2yl - X2,a,v,{l,l,l-i)}4>T\-i 

- 25u{2<l>%^ - V^2/2</'?j.2} 

- 252i{^f^y24>T,i-i + ^rl-i ~ ^^/-lyi^^^T.^s} ~ 253jV^yi0rj;2 = 0, 

{{{-dy, +dy^+l-^- d2i){-dy, + 2dy, + I - 2 - 5^ ' ^ 3 ) + 

X {{-dy, +dy^-l-l + S2i)i-dy, + 2^2,3 - Z + (5^ + ^3 ) + 2/1} 
+ {dy,+l-5- S3i){-dy^ +2dy,+l-2- Su " ^3) 
X{dy^-l-l+ S3i){-dy^ + 2dys - I + Su + ^3 ) 

+ {{dyi +1-5- S3i){-dy, +dy^+l-4- 821) + yl} 

X {{dy^ -l-\ + S3i){-dy, +dy^-l+ ^2^ ) + yj} 

- 2yf{-dy^ +2dy,+l-2- Sli - y3){-dy^ + 2dy, -l + Sii + y3) 

- '^Vliidyi +1-5- hi){dyi - l-l+53i)- yl] - XA,a.y,(l,l,l-l)^4'T\.i 

+ 25h{ - {{dy, +l-f,)[dy,-l-l) + {-dy, + dy, + I - 3)(-5,, + dy, - I - l) 

-2yl-^yl}4l^ 

+ ^y2{{dy, + I - h){dy, -I -I)- i-dy, + dy, - l){-dy, + 2dy, " Z + ^3) 

- {-dy, + 2dy, -2 + y3)-yl- yl]4>%,2 

- yiy2(25j/3 - I - 3 + 2/3)'^t];3} 

+ 252i[ - ^y2{{dy, +l-h){dy,-l-l)- i-dy, +dy,+l- S) {- By, + 2dy, + I - 3 - ^3 ) 

- dy, + 2dy, -4-y3-yf- yll^'j;! 

- {{-dy, + 2dy, + l-2- y3){-dy, + 2dy, - I + ys) - 2yl - yl}4>'f].2 

+ ^y,{-{dy,-l){-dy,+dy,-l) 

+ i-dy, + 2dy, +l-2~ y3){^dy, + 2dy, ' I + yz) ' yl - yi}0rj;3} 
+ 253i[yiy2{2dy, +1-9- y3)0?j;i 

+ V^yi{{dy, + I - 5){-dy, +dy,+l-5) 

- {-dy, +2dy,+l-2- y3){-dy, + 2dy, - I + y^) + yl + yij^^.^} = 0, 

[{{dy, +1-A- d3i){-dy, +dy,+l-3- S2i){-dy, + 2dy, + I - 2 - Su " ^3) 

+ ylidy, +1-A- 63i) + yli-dy^ +2dy,+l-2- 5u - ys)} 

X {{dy^ -1-2 + S3i){-dy-, +dy^-l-l + S2i) {- Oy^ + 2dy^ - I + 5u + ys) 

+ yl{-dy2 + 2^2/3 -l + 5u + y3) + yl{dy^ -1-2 + 53i)] - XQ,a,u,{i,i,i-i)](l>T\i 
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+ 26u{2yl{{dy, +l-A){dy,-l-2)- yD^ii 
-V^y2{{dy,+l-i)idy,-l-2) 

X i-dyi + dy^ - l){-dy^ + 2dy.^ - I + ys) 
+ yfidyr + / - ^)i-dy, + 2dy, -l + ys) 

+ yi(a,,+/-4)(9,, -/-2)}0g^2 
+ ymiidy^ - I - +dy^-l- l){-dy^ + 2dy^ - I + ys) 

+ yj{-dy, + 2dy, -l + yz)+ yl{dy, - I - 1)}4'1;3} 
+ 252^[V^y2{{^y, + I - ^){-dy, +dy^+l-^) 

X {-dy^ +2dy.,+l-'i- yi){dy, " / " 2) 
+ yl{dy,+l-A){dy,-l-2) 

+ yl{-dy, +2dy,+l-Z- y;){dy, - I)] 

+ 2yl{-dy, + 2dy,+l-2- y3){-dy, + 2dy, - I + y3)4'i;2 

- ^y^{-dy, +2dy,+l-2- yg) 

X {{dy, - I - l){-dy, + dy,-l- l)i-dy, + 2dy, - I + y^) 
+ yl{-dy, + 2dy, - / + ys) + ylidy, - I - l)]^],:^} 

+ 253^{ - yiy2{{dy, + / - ^){-dy, +dy,+l- 3){-dy, + 2dy, + I - 3 - ^3 ) 

+ ylidy, + / - 4) + yli-dy, +2dy,+l-3- y3)}</'?j;i 

+ V^yi{{dy, + I - A){-dy, +dy,+l- 4) {- Oy, + 2dy, + I - 2 - ^3 ) 

+ ylidy, +1-4.)+ yli-dy, +2dy, + l-2- y-M-dy, + 2dy, - I + y3)</'g;2} = 0' 
for i = 1,2, 3. 

Proof. We obtain the assertion from Proposition 16.51 16-71 and 16.111 □ 

From the results of Kostant ([6] Theorem 6.8.1), it follows that the dimension of the in- 
tertwining space Tg^TT is 48. Hence, for a multiplicity one -fC-type r, the dimension of the 
space Wh(7r, ^, r) of Whittaker functions is also 48. Therefore, every solution of the holonomic 
systems in the Theorem 16.121 gives an element of in Wh(7r, ^, r)^^^;^^. 
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